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CHAPTER

ONE
INTRODUCTION

1.1 CHARACTERIZATION OF ELECTROMAGNETIC RADIATION

Molecular spectroscopy may be defined as the study of the interaction of electromagnetic waves
and matter. Throughout this book we shall be concerned with what spectroscopy can tell us of
the structure of matter, SO it is essential in this first chapter to discuss briefly the nature of
electromagnetic radiation and the sort of interactions which may occur; we shall also consider,
in outline, the experimental methods of spectroscopy.

Electromagnetic radiation, of which visible light forms an obvious but very small part, may
be considered as a simplé harmonic wave propagated from 2 source and travelling in straight
lines except when refracted or reflected. The properties which undulate——corrgsponding to the
physical displacement of 2 stretched string vibrating, or the alternate compressions and rarefac-

tions of the atmosphere during the passage of a sound wave—are interconnected electric and
it is these undulatory fields which interact with matter

magnetic fields. We shall see later t\hat i

giving rise to a spectrum. _
It is trivial to show that any simple harmoni

by y = Asin#, which is plotted in Fig. 1.1. Here y is the

¢ wave has properties of the sine wave, defined
displacement with a maximum value A4,

X 21 g radians

Figure 1.1 The curve of y = Asinf.
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AR SPECTROSCOPY

2 FUNDAMENTALS OF MOLECUL

otion of a point P atd uniform angular velocity
ar m

n of a sine curve in terms of the circul

Figure 1.2 The descriptio
of wrads™

and 360° (or 0 and 27 radians). The relevance of this

best seen by considering the left-hand side of Fig. 1.2. A

and @ is an angle varying between 0
ds! in a circular path of radius A4; we

representation to a travelling wave 15

i ' i ity w ra
int P travels with uniform angular velocl : L
fnoeasure the time from the instant when P passes 0’ and then, after a time 7 S€C :

imagine P to have described an angle = wt radians. Its'vertl.cal dlsplacelrlnen't }ii htheg
y = Asinf = Asinwr, and we can plot this displacement against time as on t.e rig s an’
side of Fig. 1.2. After a time of 2m/w seconds, P will return to O, completing a .cycle :
Further cycles of P will repeat the pattern and we can describe the displacement as a continuous
function of time by the graph of Fig. 1.2.

In one second the pattern will repeat itself w/2r times, and this is referred to as the
frequency (v) of the wave. The SI unit of frequency is called the hertz (abbreviated to Hz)
and has the dimensions of reciprocal seconds (abbreviated s—!). We may then write:

y = Asinwt = Asin 2wyt (i.l)

as a basic equation of wave motion.

So far we have discussed the variation of dis
the nature of a travelling wave, we are more inte
ment. For this we need the fundamental distanc

placerpent with time, but in order to consider
rested in the distance variation of t

! he di _
e-time relationship: e displace
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INTRODUCTION 3

Figure 1.3 The concept of a travelling wave of wavelength ).

so we have:

-
y=Asm¥ (1.4)

In spectroscopy wavelengths are expressed in a variety of units, chosen so that in any
particular range (see Fig. 1.4) the wavelength does not involve large powers of ten. Thus, in
the microwave region, \ is measured in centimetres or millimetres, while in the infra-red it is
usually given in micrometres (hm)—formerly called the micron—where-

luym =10"°%m (1.5)

In the visible and ultra-violet region A is usually expressed in nanometres (10~°m), although
occasional use is still made of the non-SI dngstrdm unit where:

1A=10"m or I1nm=10"m=10A (1.6)

There is yet a third way in which electromagnetic radiation can be usefully characterized,
and this is in terms of the wavenumber v. Formally this is defined as the reciprocal of the
wavelength expressed in centimetres:

y =T/ Xicms! (1.7)
and hence
y = Asin2wvx (1.8)

It is more useful to think of the wavenumber, however, as the number of complete waves or
cycles contained in each centimetre length of radiation.

It is unfortunate that the conventional symbols of wavenumber (¥) and frequency (v) are
similar; confusion should not arise, however, if the units of any expression are kept in mind,
since wavenumber is invariably expressed in reciprocal centimetres (cm~') and frequency in
cycles per second (s~! or Hz). The two are, in fact, proportional: v = ¢, where the proportion-

ality constant is the velocity of radiation expressed in centimetres per second (that is
3x10%cms),

12 THE QUANTIZATION OF ENERGY

TO\flards the end of the last century experimental data were observed which were quite incom-
Patible with the previously accepted view that matter could take up energy continuously. In
Max Planck published the revolutionary idea that the energy of an oscillator is discon-

tinuous and that any change in its energy content can occur only by means of a jump between
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INTRODUCTION 5

y = AE/h only, and the emission spectrum so found i
gpectrum of the previous paragraph. s
The actual energy differe
y nces between the rotational, vibrational, and electronic ener
’ gy

levels are very small and may be measured in j
blanck's constant Has the value: n joules per molecule (or atom). In these units

plainly complementary to the absorption

h = 6.63 x 10734 joules s molecule™"

Often we are interested in the total energy inv
; oly .
changes its energy state: for this we multipl); By theei. V\Zheg a gran:)—molecule of a substance
: gadro number N = 6.02 23

H.o wever,_the spectroscopist measures the various characteristics of the : i
cadiation Biing transitions between energy states and of of the absorbed or emitted
- avelength, an I eiaber s if th nd often, rather loosely, uses frequency,
_ % . ey were energy units. Thus in referring to °
jocm™", the spectroscopist means ‘a i B o jail encigy Of

A separation between two energy states such that the
_ assdocm Lo s a wavenumber value of 10 cm~". The first expression is so simple
an'tct.)fn;ie s undle lst es(sje:x}:lal to become familiar with wavenumber and frequency energy
units 1 rstan e spectroscopist’s language. Thr i
: oughout this b

the symbol € to represent energy in cm~!. -y P ercahoaio

It canno‘:t1 be too firmly St.ressed at this point that the frequency of radiation associated with
an energy change does not imply that the transition between energy levels occurs a certain
numbgr of times each second. Thus an electronic transition in an atom or molecule may absorb
orSm.n radiation of frequency some 10'° Hz, but the electronic transition does not itself occur
10 ' times per second. It may occur once or many times and on each occurrence it will absorb or
emit an energy quantum of the appropriate frequency.

1.3 REGIONS OF THE SPECTRUM

Figure 1.4 illustrates in pictorial fashion the various, rather arbitrary, regions into which
electromagnetic radiation has been divided. The boundaries between the regions are by no
means precise, although the molecular processes associated with each region are quite differ-
ent. Each succeeding chapter in this book deals essentially with one of these processes.

In increasing frequency the regions are:

1. 'Radiofrequency region: 3 x 10°
resonance (n.m.r.) and electron spin resonance (e.s.T.
involved is that arising from the reversal of spin of a
~order 0.001-10 joules/mole (Chapter 7). :

2. Microwave region: 3 x 10'° |
Separations betweeqn the rotational levels of mo
_per mole (Chapter 2).

s S ~ 1023 x 10! Hz1100um=
One of the most valuable spectroscopic regions
are some 10* joules/mole (Chapter 3).

& Vis:ble and ultra-violet regions: 3 X
spectroscopy. The separations between
of kilojoules per mole (Chapters 5 and 6).

5. X-ray region: 3 x 10'°-3 x 10'® Hz; 10 nm—
inner electrons of an atom or a molecu
(Chapter 5). .
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INTRODUCTION /

. A 18__ 20 i
6. y-ray region: 3 Xfl() l3 x 10 HZ' 100 pm~l pm wavelength. Energy changes involve the
rearrangement ol nuclear particles, having energies of 10°-10'" joules per gram atom
(Chapter 9). 3

One (?ther type of Spectroscopy, that discovered by Raman and bearing his name, is
discussed in Chapter 4. This, it will be seen, yields information similar to that obtained in the

microwave and m_fr_a-red regions, although the experimental method is such that observations
are made in the visible region.

In order that there shall be some mechanism for interaction between the incident radiation
and the nuclear, molecular, or electronic changes depicted in Fig. 1.4, there must be some
electric or magnetic effect produced by the change which can be influenced by the electric or
magnetic fields associated with the radiation. There are several possibilities: )

1. ‘The radiofrequency region. We may consider the nucleus and electron to be tiny charged
particles, and it follows that their spin is associated with a tiny magnetic dipole. The reversal
‘of this dipole consequent upon the spin reversal can interact with the magnetic field of
‘electromagnetic radiation at the appropriate frequency. Consequently all such spin reversals
produce an absorption or emission spectrum.

2. The microwave region. A molecule such as hydrogen chloride, HCI, in which one atom (the
hydrogen) carries a permanent net positive charge and the other a net negative charge, is said
to have a permanent electric M. H, or Cl,, on the other hand, in which there is
no such charge separation, have a zero dipole. If we consider the rotation of HCI (Fig. 1.5,
where we notice that if only a pure rotation takes place, the centre of gravity of the molecule
must not move), we see that the plus and minus charges change places periodically, and the
component dipole moment in a given direction (say upwards in the plane of the paper)
fluctuates regularly. This fluctuation is plotted in the lower half of Fig. 1.5, and it is seen
to be exactly similar in form to the fluctuating electric field of radiation (cf. Fig. 1.2). Thus
interaction can occur, energy can be absorbed or emitted, and the rotation gives rise to a
spectrum. All molecules having a permanent' moment are said to be ‘microwave active’. If
there is no dipole, as in H, or Cl, no interaction can take place and the molecule is
“microwave inactive’. This imposes a limitation on the applicability of microwave spectro-

scopy.

Direction of
dipole == o e

Vertical
COmponent

of Time
dipole

Figure - = |
Pd""‘ LS The rotation of a polar diatomic molecule, showing the fluctuation in the dipole moment measured in a
rlicular direction.
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Figure 1.8 The bending motion of the carbon dioxide molecule and its associated dipole fluctuation.

figure shows, there is a periodic alteration in the dipole moment, and the vibration is thus
‘infra-red active’. One further vibration is allowed to this molecule (see Chapter 3 for a more
detailed discussion), known as the bending mode. This, as shown in Fig. 1.8, is also infra-red
active. In neither of these motions does the centre of gravity move. Note particularly that the
relative motions of the atoms are very much exaggerated in Figs 1.6, 1.7, and 1.8; in real
molecules the displacement of atoms during vibrations is seldom more than about 10 per cent
of the bond length. Sk
Although dipole change requirements do impose some limitatiop on the. apphcatlon"of
infra-red spectroscopy, the appearance or non-appearance .of certain vibration frequencies
can give valuable information about the structure of a particular molecule (see Chapter 3).
4. The visible and ultra-violet region. The excitation of a valencg electron ln_\'ol\fes the moving
of electronic charges in the molecule. The conseq uent change in the elect.rlc. dlpple gives rise
to a spectrum by its interaction with the undulatory elec_:tnc ﬁeld‘of radlatlop. Rsse
5. There is a rather special requirement for a molecular motion to .be Raman active’; t!us is that |
the electrical ‘polarizability of the molecule must change during the motion. This will be

discussed fully in Chapter 4.

1.4 REPRESENTATION OF SPECTRA

m of a recording spectrometer suitable for use n

W S . . ‘ t dia'ré A '
¢ show in Fig. 1.9 a highly schematic diag the spectrum; since it uses a grating (a block of

the ultra-violet, visible and infra-red regions of ; '
reflective matc;ial with a grid of parallel lines ruled on its surface) to select the frequencies which

Pass through, it is usually called a ‘grating spectrometer’; ?ﬂf)thef term frequently used is '
“dispersive sp;:ctrometer' since the grating “disperses’ the radiation into 1ts frequency compo-
nents, Fepi :
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Figure 1.10 The spectrum of a molecule undergoing a single trapsition:‘(a) idealized and (b) usual appearance.
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Absorbance — -

Rate of change of absorbance

e Width—e

(b)

Figure 1.11 The relationship between absorption and derivative spectra: (a) a broad absorption band and (b) its
derivative.
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CHAPTER

TWO
MICROWAVE SPECTROSCOPY

2.1 THE ROTATION OF MOLECULES

We saw in the previous chapter that spectroscopy in the microwave region is concerned with the
study of rotating molecules. The rotation of a three-dimensional body may be quite complex

and it is convenient to resolve it into rotational components about three mutually perpendicular

directions through the centre of gravity—the principal axes of rotation. Thus a body has Ltiie?
principal moments of inertia, one about cach axis, usually designated 7,75, and Ic. o

~ Molecules may be classified into groups according to the relative values of their three
principal moments of inertia—which, it will be seen, is tantamount to classifying them accord-
ing to their shapes. We shall describe this classification here before discussing the details of the

rotational spectra arising from each group.

Y Linear molecules. These, as the name implies, are molecules in which all the atoms are
arranged in a straight line, such as hydrogen chloride HCl or carbon oxysulphide OCS,

illustrated below

s

H—€l

@€ —3S

The three directions of rotation may be taken as’_('a) about the bonq }ix‘rs""('?l?:;dt-}?:?{:::
rotation in the plane of the paper, andic“)_.c_:_gq.-over-end rotation a.t‘ rlxg _t ‘;n.%:;ile e Of(u.)
It is self-evident that the moments of (b) and (c) are the same (that ’lé‘ﬁB"t_g’ﬁ((’) B el
is very small. As an approximation we may say that 1, = 0, although 1
this is only an approximation (sc¢ Sec. 2.3.1).

Thus for linear molecules we have:

2.1)
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32 FUNDAMENTALS OF MOLECULAR SPECTROSCOPY

\Z/S etric tops. Consider a molecule such as methyl fluoride, where the three hyd
mm : :
: aioms are bonded tetrahedrally to the carbon, as shown below:

l-\

H——C——F

H)gcn

As in the case of linear molecules, the end-over-end rotation m anq out of, the plane of th,

et ill identical and we have I3 = Ic. The moment of mertxa.about the_ C.v— F bong
paper are st1 the main rotational axis since the centre of gravity lies along 1t._) 1S NOW not
ax1s.((fhf8etr: i:ever because it involves the rotation of three comparat.ively_masswe hydrogen
:ffrll;gsﬂ());t: th(i)s axis.’ Such a molecule spinning about this axis can be imagined as a top, and
hence the name of the class. We have then:

Symmetric tops: Ip = Ic # I4 I, #0 (22)

. AN ; | ,

There are two subdivisions of this class which we may mention: if, as mt(r)ne.th‘zhglruezgldicf
above, Iz = Ic > I, then the molecule is called a Mgﬁb” {A el
Ig = I,Cv<£7,4 it Is referred to as oblate. An example of the latter typzells or ,
vfhich as shown, is planar and symmetrical. In this case Iy =2Ip =2c.

S

Cl Cl

Sph‘er (,'al l()ps W hen a mo ' 1 'delltical lt iS Called a
] to]). A SU“P € exanlp € 15 the tet'l athIa molecuic “lelhane 4 u~ € llabe lhell

H

AR
H ., H

Spherical tops: I, = Ip = I (2.3)

In fact these molecules are only of academic interest in this chapter. Since they can have no
dipole moment owing to their symmetry, rotation alone can produce no dipole change and

hence no rotational spectrum is observable.
A Asymmetric tops. These molecules, to which the m

ajority of substances belong, have all three
moments of inertia different:

IA #IB#IC (24)

Simple examples are water H,0 and vinyl chloride CH,=— CHCI.

pse SN T
I-/ H : /C ————C\Cl
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MILKUWAVE SPECTROSCOPY 33

Perhaps it sholf{ld be pOlpted out that.one can (and often does) describe the classification of
molecules into the four rotational classes in far more rigorous terms than have been used above

le, Herzberg, Molecular §
(see, for examp ! g, utar Spectra and Molecular Structure, vol. I1). H
the purposes of this book the above description is adequate. e

2.2 ROTATIONAL SPECTRA

J:We havc? seen that rotational energy, along with all other forms of molecular energy, is quan-
tized: this means that a molecule cannot have any arbitrary amount of rotational energy (i.e. any
arbitrary value of angular momentum) but its energy is limited to certain definite values
depending on the shape and size of the molecule concerned. The permitted energy values—
the so-called rotational energy levels—may in principle be calculated for any molecule by
solving the Schrédinger equation for the system represented by that molecule.) For simple
molecules the mathematics involved is straightforward for tedious, while for complicated sys-
tems it is probably impossible without gross approximations. We shall not concern ourselves
unduly with this, however, being content merely to accept the results of existing solutions and to
point out where reasonable approximations may lead.

We shall consider each class of rotating molecule in turn, discussing the linear molecule in
most detail, because much of its treatment can be directly extended to symmetrical and unsym-
metrical molecules.

2.3 DIATOMIC MOLECULES

2.3.1 The Rigid Diatomic Molecule

We start with this, the simplest of all linear molecules, shown in Fig. 2.1. Masses m, and m are
joined by a rigid bar (the bond) whose length is

The molecule rotates end-over-end about a point C, the centre of gravity: this is defined by the

Moment, or balancing, equation:

mr = nmyrp (26)

m, N,

Figure 1A rigid diatomic molecule treated as two masses, m; and m, joined by a rigid bar of length ro = r| + 2.
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34 FUNDAMENTALS OF MOLECULAR SPECTROSCOPY

The moment of inertia about C is defined by:

= m,r% + ”br%
= myryry +mrir, (from Eq. (2.6))
=riry(m +m)

However, from Egs (2.5) and (2.6):

myry = myry = my(rg —ry)

Therefore,
= B and r, = SO 2.8
my +m, m; + my £9)
Replacing (2.8) in (2.7):
mpm, > 2
my + m ro = Ko (2.9)

where we have written p = m;my/(m; + my), and p is called the reduced mass of the system,
Equation (2.9) defines the moment of inertia conveniently in terms of the atomic masses and the
bond length.

By the use of the Schrodinger equation it may be shown that the rotational energy levels
allowed to the rigid diatomic molecule are given by the expression:

2/

E":”'%fl”'l(l-*- 1). joules where/=0,1,2,... (2.10)
In this expression h is Planck’s constant, and / is the moment of inertia, either /3 or /I, since
both are equal. The quantity J, which can take integral values from zero upwards, is called the
rotational quantum number: its restriction to integral values arises directly out of the solution to
the Schrédinger equation and is by no means arbitrary, and it is this restriction which effectively

allows only certain discrete rotational energy levels to the molecule.
Equation (2.10) expressed the allowed energies in joules; we, however, are interested in
differences between these energies, or, more particularly, in the corresponding frequency,
v = AE/hHz, or wavenumber, ¥ = AE/hcem™', of the radiation emitted or absorbed as 2

consequence of changes between energy levels. In the rotational region spectra are usually
discussed in terms of wavenumber,_ so it is useful to consider ener

units. We write: + gies expressed in these
= E, h
Y egy=—=—n- =1
LT 8mlc J({+1) cm (J=0,1,2, i) (2.11)
where c, the velocity of light, is here ex i = :
reciprocal centimetres. pressed in cms~!| since the unit of wavenumber 15

Equation (2.11) is usually abbreviated to:

—
- -~

== BJ(_]+ 1) cm™!

' V=01
where B, the rotational constant, is given by ) (2.12)
h
Bise oty 51
cm
In which we have 87!’2130 2 13)
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MICROWAVE SPECTROSCOPY 35

&,
5 ————— 418

§ e 308

20B

12B

2 6B

2B
0

Figure 2.2 The allowed rotational energies of a rigid diatomic molecule.

From Eq. (2.12) we can show the allowed energy levels diagrammatically as in Fig. 2.2,
Plainly for J = 0 we have £; = 0 and we would say that the molecule is not rotating at all. For
J = 1, the rotational energy is €; = 2B and a rotating molecule then has its lowest angular
momentum. We may continue to calculate €; with increasing J values and, in principle, there
is no limit to the rotational energy the molecule may have. In practice, of course, there comes a
point at which the centrifugal force of a rapidly rotating diatomic molecule is greater than the
strength of the bond, and the molecule is disrupted, but this point is not reached at normal

temperatures.
We now need to consider differences between the levels in order to discuss the spectrum. If
we imagine the molecule to be in the J = 0 state (the ground rotational state, in which no

rotation occurs), we can let incident radiation be absorbed to raise it to the J =1 state.

Plainly the energy absorbed will be:

—gy_g=2B-0=28B cm”!

Ej=1

and, therefore,

e a=2B jen* (214

I If now the molecule is raised from the

In other words, an absorption line will appear at 2Bcm™ ; :
we see immediately:

J=1 to the J = 2 level by the absorption of more energy,

17‘,:'_,]:2:5!:2“61:' (215)
— 6B—2B=48 cm™!

In general, to raise the molecule from the state J to state J + 1, we would have:
5, yep.=BUF DI +2) = BJ(J + 1)
_BA+3+2- (S +J)

= i AL em™! (&35
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36 FUNDAMENTALS OF MOLECULAR SPECTROSCOPY

O
-

=1

0 48 8B 12B T

2B 6B 10B

Figure 2.3 Allowed transitions between the energy levels of a rigid diatomic molecule and the spectrum which arises
from them.

Thus a stepwise raising of the rotational energy results in an absorption spectrum consisting of
lines at 2B, 4B, 6B, . .. cm ', while a similar lowering would result in an identical emission
spectrum. This is shown at the foot of Fig. 2.3.

In deriving this pattern we have made the assumption that a transition can occur from a
particular level only to its immediate neighbour, either above or below: we have not, for
instance, considered the sequence of transitions J=0—J=2—J=4 ... In fact, a rather
sophisticated application of the Schrodinger wave equation shows that, for this molecule, we
need only consider transitions in which J changes by one unit—all other transitions being
spectroscopically forbidden. Such a result is called a selection rule, and we may formulate it
for the rigid diatomic rotator as:

‘Selection rule: AJ = +1 (2.17)

Thus Eq. (2.16) gives the whole spectrum to be expected from such a molecule.

= Of course, only if the molecule is asymmetric (heteronuclear) will this spectrum be observed,
since if it is homonuclear there will be no dipole component change during the rotation, and

s —— e AL
spectrum; > will not. Reme : :
rejected in Sec. 2.1: we can now see t mber, also, that rotation about the bond axis was

e SR, Al hat the.re are two reasons for this. Firstly, the moment of

‘would be extremely widely spaced: }:)" applying Eqs (2.10) or (2.11) we see that the energy levels

W et tromiciie. - o topthe J i ’1lskmeans that a molecule requires a great deal of energy 10

spectroscopic conditions. Thus dj = I state, and such transitions do not occur under normal

e R i dla]tlomlc (and all linear) molecules are in the J = 0 state for

transition should occur, there \\rrlill tb:};n;n ?i{pg‘leesa}ixd to be not rotating. Secondly, even if such 2
change and hence no spectrum.
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MICROWAVE SPECTROSCOPY 37

To. conclude this "LL‘_“””W" shall apply Eq. (2.16) to an observed spectrum in order to
determine the m_om;:nl ol inertia and hence the bond length. Gilliam et al f have measured the
ﬁrst llne (J — 0) In the rotation NPL‘C“'UIH ol L‘.’II'INHI ”]””U\l(lk_‘ as 3.842 35¢cm |. ilCl‘)CC, from l‘q
(2.16):

Vo~ =384235=28 cm"!
= B=192118 cm™!

Rewriting Eq. (2.13) as: I = h/87” Be, we have:

6.626 x 103 27.9907 x 10~

lco=———-—"— ~ G kg
€O 812 % 2.99793 % 1010 » B B &8

= 14.5695, x 10~ kg m?

where we express the velocity of light in cms ™', since B is in cm~'. However, the moment of
inertia 1s ,ur2 (cf. Eq. (2.9)) and, knowing the relative atomic weights (H = 1.0080) to be
C = =12.0000, O = 15.9994, and the absolute mass of the hydrogen atom to be
1.67343 x 102 kg, we can calculate the masses of carbon and oxygen, respectively, as
19.921 68 and 26.561 36 x 102" kg. The reduced mass is then:

1992168 x 26.561 36 x 10>
™ 46.48303 x 10~

= 11.38365 x 10 ?" kg

Hence:
2=t 19799 x 10°2 m?
/L
and reo = 0.1131 nm (or 1131 A)

\2/3’.2 The Intensities of Spectral Lines

We want now to consider briefly the relative intensitiesiof the spegtrz}l lines of Eq (2.16); for th}:S
a prime requirement is plainly a knowledge of the relative probabilities of transntlonfbeftfzen ihe
various energy levels. Does, for instance, a x.nloleclule Bavezgn\())vr: r?,; rl]c:iszncel;agiz \?e Cn;;lc L:lr;%ionz
iti — 0 — J = | than the transition J =1 — J = & | ic
;r/?\:lcs;ltlsohr(l)i (hé(i)t a c‘{lange of AJ = £2, £3, etc, was 'forbidden—'m other wc;lrds, l:he trz;):;sl;ti;;)tn
probability for all these changes 1s zero. Precisely similar calculations show.t ’att‘ the :rr: . uauz
of all changes with AJ = £1 is almost the same—all, to a good approximation, q
likely to occur. ; _ :
this does not mean, however, that all spectral lines will 'be eqnally; ‘::t;n‘s]e.:/xllti:c::eglsxat;:
intrinsic probability that a single molecule in the J = 0 state, say, Wi bl;; e i
as that of a single molecule moving fromJ = 1toJ=2,1n anl ass;emin fach hiipeir o
In a normal gas sample, there will be different numbgrs of molecu fes D i
and therefore different total numbers of molecules vylll carry out tlr.anSf |tensmes A -
levels. In fact, since the intrinsic probabilities are identical, the line

Proportional to the initial numbers of ;nqlecul;st }:2 1:,?115 liczv:;:;e Boltzmann,distni’buﬁon-:;g‘&f. o
The first factor governing the population - .

i i since J = 0,50, if we
1.7.2). Here we know that the rotational energy in the lowest level is zero,

t Gilliam. Johnson, and Gordy. Physical Review. 8. 4001520
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38 FUNDAMENTALS OF MOLECULAR SPECTROSCOPY

have Ny molecules in this state, the number in any higher state is given by
N,/No = exp(—Es/KT) = €XP —[=BheJ(J + 1) /kT

: i | -1 when B is in cm \
i locity of light in cm s~ Wher :
must remember, ¢ is the ve e o
W};CTT t‘:/:n shows how N varies with J; for example, taking a ttﬁplzal—\ I‘l‘::l;lt f
::; ztemperature (say T = 300K), the Sitasipopiiiation in the & = © AT B

N ( 2x6.63x10‘34x3x10'0x1x2>
] —

o~ = SAP 138 x 1072 x 300
No

— exp(—0.019) = 0.98

1 ilibrium, as in the
the J = 1 state, at equl ;
st as many molecules 1n : &
Td E)Nelsee tha?lﬂrle\:;; rt;: lt:g graphs of Fig. 2.4 have been calculated, showing the more rapid
= 0. In a simila : ! =
decrease of N;/N, with increasing J: a(;xd “}I:th lz;giebrilﬁ'y of degeneracy in the energy states
' ired—the p

second factor is also require : e

Deggleracy is the existence of two or more encrgy states which l;)z;:; ei)l(la i rym el
In the case of the diatomic rotator we may approach the pro

i e f a rotator are:
The defining equations for the energy and angular momentum O

E=-1-1w2 P=1lw
2
1.0§§\
% N
0.9+ \\\ @ B=5Scm™!
\\ N © B=10cm™'
0.8' \ \\
L} R\
0.7 \\ \
= \ \
:06 \ h\
e \o\ =
+ 0.5t \ \
> \ ‘3\
& \ \¢
i RSO
0.3 \\ \
% -1
N\
0.2 N
\\‘e\ \=\
lr ~ \\
\\ o
e o T R S
LR R T e S R Lg . ‘

Rotational quantum number J

Figure 2.4 The Boltzmann population -
ki waised o T2 5 ind 10, s of the rotational energy levels of Fij
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i oment of inertia, w the rotati i
where 115 the m ol Inertia, w the rotational frequency (in radia :
angular momentum. Rearrangement of these gives: P
Pt
P = V2EI E=23

The energy level expression of Eq. (2.10) can be rewritten:

2EI = J(J + 1)

and hence

’
P=\JU+1) ﬁ = VJ(J+ 1) units (2.19)

where, following convention, we take //2r as the fundamental unit of angular momentum. Thus
we see that P, like E| is quantized. '

Throughout the above derivation P has been printed in bold face type to show that it is a
vector—i.e. it has direction as well as magnitude. The direction of the angular momentum vector
is conventionally taken to be along the axis about which rotation occurs and it is usually drawn
as an arrow of length proportional to the magnitude of the momentum. The number of different
directions which an angular momentum vector may take up is limited by a quantum mechanical
law which may be stated:

CFor integral values c_)f the rotational quantum number (in this case J), the angular momentum vector
may only takp up directions such that its component along a given reference direction is zero or an
integral multiple of angular momentum units)

We can see the implications of this most easily by means of a diagram. In Fig. 2.5 we show
the case J = 1. Here P = v/1 x 2 units = V2, and, as Fig. 2.5(a) shows, a vector of length
V2(= 1.41) can have only rhree integral or zero components along a reference direction (here
assumed to be from top to bottom in the plane of the paper): +1, 0, and —1. Thus the angular

; Reference
direction

I WA\%\"\'O =

(b)

$\
} — (C)

(d)

(a)

Figure 2.5 The three degenerate orientations of the rotational angular momentum vector for a molecule with J = 1.
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. ‘ : = 2 a:.d 1 reenects
Figure 2.6 The five and seven degenerate rotational orientations for a molecule with J =2 a;.d J espectivels

momentum vector in this instance can be oriented in only three differept di.recmm\ (Fig. 2.5(p)
to (d)) with respect to the reference direction. All three rotational dl(CCtmns are, of course
associated with the same angular momentum and hence the same rotational energy: the J = |
level is thus threefold degenerate. .

Figure 2.6(a) and (b) shows the situation for J=2(P = v6) and J =3 (P 2/3) with
fivefold and sevenfold degeneracy, respectively. In general it may readily be seen that each
energy level is (2J + 1)-fold degenerate.

Thus we see that, although the molecular population in each level decreases exponentially
(Eq. (2.18)), the number of degenerate levels available increases rapidly with J. The total relative
population at an energy E; will plainly be: -

Population o (2J + 1)exp(—E;/kT) (2.20)

When this is plotted against J the points fall on a curve of the type shown in Fig. 2.7, indicating
that the population rises to a maximum and then diminishes. Differentiation of Eq. (2.20) shows
that the population is a maximum at the nearest integral J value to:

Maximum population:  J = 4/ T e (2.21)
2heB 2 |

‘We have seen that line intensities are direct] :
‘ e : Yy proportional to th i jonal
levels; hence it is plain that transitions between ley SRS o 2

e TR 2 : els with very | i Jues will
have small intensities while the intensi i . y low or very high J values
@21). ensity will be a maximum at or near the J value given by Eq

2.3.3 The Effect of Isotopic Substitution

B A R R R mass—the result =9

In particula there is no appreciable change iy ., SCIca! chemically with the originé!
There is, however, a change in total mae. . - L INternuclear distance on j i jtution-
e g fﬁta»lv-ma‘ssa‘nd‘hé’rr’cef‘-in"the'mement o?mql:t‘lsotog 1; Sult;stl;uilthe

Considering carbo | S e—

bpoge N monoxide ag = :

T€ 1S a mass increase and Hotie & ‘daer:; :;Z?Ple, we see that on going from '2C'0 to '3C'6O

- - "o C _.l -

n the B value. If we designate the '*C molecul®

When a particular atom i
| In a molecule i e
S e S replaced by its 1sS0tope—an element identical in every
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6.0(
’/’Q“\\ G B=5Scm™!
;{ ‘ﬂ\ O B=10cm™!
5.0f 7/ \
/ \
/ R\
¢ \
~ 4.0 /y"\ \\
3 /7 G\\ ]
2 1/ \ \
+ /Il/ \R \\
s 3.0 /// \\ )
Lo o \ X
1 } ; \
19 ! R \
+ ' \ \
Q 2.0} % o\ Ly
) l \\ ;
] 5, =
[l \\ Y
\
1.0
b\
\
%
0 \Y’\~
; " i : 5 ; e e
0 | 2 3 4 5 6 7 8 gH 540

Rotational quantum number J

Figure 2.7 The relative i i ' [ i
! . populations, including degeneracy, of the rotational energy levels of a diatomic molecul
diagram has been drawn for the same conditions as Fig. 2.4. iy

“ith a prime we have B > B’. This change wili be reflected in the rotational energy levels of the
;nolecule and Fig. 2.8 shows, much exaggerated, the relative lowering of the 1>C levels with
tﬁipﬁct t? those 'ot' IZ.C' Plainly, as shown by tl_1e diagram at the foot of Fig. 2.8, the spectrum of
Oﬁé'f;ig}?r species will show a smaller separation between the lines (2B') than that of sy
':ea\;ie ). Again the effect has been much exaggerated for clarity, and the transitions due to the -
I'molecule are shown dashed. i |
miObservation of this decreased separation has led to the evaluation of precise atomic wei ahtal
am et g/, as already stated, found the first rotational absorption of '*C'®0 to be &

38 + :
% 4235cm! while that of 3C'*0 was at 3.67337cm™!. The values of B determined from
ese figures are:

B=192118cm™' and B =1.83669cm™!

Where 4 :
the prime refers to the heavier molecule. We have immediately:

B’ 8rn’lc hl
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" 1
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2B 4B 6B %8 108 12B

i 1 ic molecule
Figure 2.8 The effect of isotopic substitution on the energy levels and rotational spectrum of a diatomic mo

such as carbon monoxide.

where u is the reduced mass, and the internuclear distance is considered unchanged bjlfzisg(;oag
substitution. Taking the mass of oxygen to be 15.9994 and that of carbon-12 to be 12U%

have:

£ 15.9994m’ 3 12 + 15.9994
T 159994 + m’ "~ 12 x 15.9994

!
K _ 1.046
n

from which m’, the atomic weight of carbon-13, is found to be 13.0007. This is within 0.02 P
cent of the best value obtained in other ways. 130160

It is noteworthy that the data quoted above were obtained by Gilliam et al. from
molecules in natural abundance (i.e. about 1 per cent of ordinary carbon mono’“de)‘. -
besides allowing an extremely precise determination of atomic weights, microwave §t”d'e :
give directly an estimate of the abundance of isotopes by comparison of absorption in‘

2.3.4 The Non-rigid Rotator

; m
A‘, the end of Sec. 2.3.1 we indicated how internuclear distances could be Calcu]atedo' ?/
r'mcrowla;,:c spectra. It must be admitted that we selected our data carefully at this pns
2p;ctra ines for carbon monoxide, other than the first, would not have shown the de giv?!
separation predicted by Eq. (2.16). This is shown by the spectrum of hydrogen fugo’®
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Table 2.1 Rotation spectrum of hydrogen fluoride

Vobs 1 Veale. § AVghs B r
J (em™") (cm™') (em™') (=1Av)  (nm)
i 41.08 41.11
41.11 20.56 0.0929
1 82.19 82.18
40.96 20.48 0.0931
2 123.15 123.14
40.85 2043 0.0932
3 16400  163.94
40.62 20.31 0.0935
4 20462 20455
40.31 20.16 0.0938
5 24493 244.89
40.08 20.04 0.0941
6 285.01 284.93
39.64 19.82 0.0946
7 324 .65 32461
39.28 19.64 0.0951
8 363.93 363.89
38.89 19.45 0.0955
9 402.82 402.70
38.3] 19.16 0.0963
10~ 441.13 441.00
37.81 18.91 0.0969

11 478.94 478.74

t Lines numbered according to v, = 2B(J + 1)cm . Observed data from ‘An
Examination of the Far Infra-red Spectrum of Hydrogen Fluoride’ by A. A.
Mason and A. H. Nielsen, published in Scientific Report No. 5, August 1963,
Contract No- AF 19(604)-7981, by kind permission of the authors.

1 See Sec. 2.3.5 for details of the calculation.

in Table 2.1; it is evident that the separation between successive lines (and hence the apparent B
value) decreases steadily with increasing J.

The reason for this decrease may be seen if we calculate internuclear distances from the B
values. The calculations are exactly similar to those of Sec. 2.3.1 and the results are shown in
column 6 of Table 2.1. Plainly the bond length increases with J and we can see that our
assumption of a rigid bond is only an approximation; in fact, of course, all bonds are elastic
lo some extent, and the increase in length with J merely reflects the fact that the more quickly a
diatomic molecule rotates the greater is the centrifugal force tending to move the atoms apart.

Before showing how this elasticity may be quantitatively allowed for in rotational spectra,
we shall consider briefly two of its consequences. Firstly, when the bond is elastic, a molecule
may have vibrational energy—i.e. the bond will stretch and compress periodically with a certain
fundamental frequency dependent upon the masses of the atoms and the elasticity (or force
constant) of the bond. If the motion is simple harmonic (which, we shall see in Chapter 3, is
usually a very good approximation to the truth) the force constant is given by:

# | k=4r'd’cu , 2.22)

""h"f w 1s the vibration frequency (expressed in cm™'), and ¢ and 4 have their previous

dl:eﬁmtiom. Plainly the variation of B with J is determined by the force constant—the weaker
» the more readily will it distort under centrifugal forces.

Wh;,h second consequence of elasticity is that the quantities r and B vary during a vibration.

1N these quantities are measured by microwave techniques many hundreds of vibrations %
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"kalthou'gh in simple hy,
equal amount on each s, r;lfomc
refore unchanged, the ,,, }he
istance. We can see this e;:ile
Y

brating between the [imjy 0.09

pically. In fact the real

Pk

ns are not simple harmonic,

rational ground stat
constant By; while if the
v is the vibration
ences between By, B
yrational spectra 11

1+ underlines ¢
tral regions
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2 €= Ejfhc =BIJ+ 1) -~ DRI +1)? cm-! (2.24)
where the rotational constant, B, is as defined previously, and the centrifugal distortion constant,
D.is given by:
I
D=—"\ -
NPk ™ (2.23)

which is a positive quantity. Equation (2.24) applies for a simple harmonic force field only; if the
force field is anharmonic, the expression becomes:

&=BIJ+1) = DI+ 1)} + HPU+1) + KJ'J+D*... cm™! (2.26)

where H, K, etc., are small constants dependent upon the geometry of the molecule. They are,
however, negligible compared with D and most modern spectroscopic data are adequately fitted
by Eq. (2.24).

From the defining equations of B and D it may be shown directly that:

16337r2pc2 4B
i) = e (2.27)

where & is the vibrational frequency of the bond and k has been expressed according to Eq.
(2.22). We shall see in Chapter 3 that vibrational frequencies are usually of the order of
10°em~', while B we have found to be of the order of 10cm-!. Thus we see that D, being of
e order 10" em ™', is very small compared with B. For small J, therefore, the correction term
(s “ is almost negligible, while for J values of 10 or more it may become appreciable.
Figure 2.9 shows, much exaggerated, the lowering of rotational levels when passing from
the nigid to the non-rigid diatomic molecule. The spectra are also compared, the dashed lines
connecting corresponding energy levels and transitions of the rigid and the non-rigid molecules.
It should be noted that the selection rule for the latter is still AJ = +1.
- We may easily write an analytical expression for the transitions:

ﬁ#"" g g=h=BJ+ )U+2)-JJ+1) L
i 5 LD ¥ Wrs DR AR TR e (228)
e < =2B(J+1)-4D(J+1) em™ .

én— W

My sabelamd §

upward ransition from J 10 J + 1, or the ¢
that cach lin is displaced slighty (0 lo

o
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2.4 POLYATOMIC MOLECULES

7.4.1 Linear Molecules

We consider first mglecules sugh as carbon oxysulphide OCS or chloroacetylene HC = C(]
where all the atoms lie on a straight line, since this type gives rise to particularly simple spectra

in the microwave region. 'Since .13 = Ic; 14 =0, as for diatomic molecules, the energy levels are
given by a formula identical with Eq. (2.26), i.c.

e;=BIJ+1)-DFAJ+17%+ ... cm™ (2.30)

and (e R ot V.Vi“ shp w the same 2B separation modified by the distortion constant. In fact,
the whole of the discussion on diatomic molecules applies equally to all linear molecules; three
points, however, should be underlined:

I Since the moment of inertia for the end-over-end rotation of a polyatomic linear molecule is
considerably greater than that of a diatomic molecule, the B value will be much smaller and
the spectral lines more closely spaced. Thus B values for diatomic molecules are about
10cm™', while for triatomic molecules they can be 1cm~! or less, and for larger molecules
smaller still.

2. The molecule must, as usual, possess a dipole moment if it is to exhibit a rotational spectrum.
Thus OCS will be microwave active, while OCO (more usually written CO,) will not. In
particular, it should be noted that isotopic substitution does not lead to a dipole moment
since the bond lengths and atomic charges are unaltered by the substitution. Thus '°*0C'®0 is
microwave inactive.

3. A non-cyclic polyatomic molecule containing N atoms has altogether N — 1 individual bond
lengths to be determined. Thus in the triatomic molecule OCS there is the CO distance, rco,
and the CS distance, rcs. On the other hand, there is only one moment of inertia for the end-
over-end rotation of OCS, and only this one value can be determined from the spectrum.
Table 2.2 shows the data for this molecule. Over the four lines observed there is seen to be no

Table 2.2 Microwave spectrum of carbon oxysulphide
\

& Vobs (cm ') Av Bem™')

S i |

4 2 x 0.4055 0.2027
0.8109

2ok 0.4054 0.2027
1.2163

B 0.4054 0.2027
1.6217

45 0.4054 0.2027

i
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2.4.2 Symmetric Tep Molecule

Although the rotational energy levels of this type of molecule are more complicated than those
of linear molecules, we shall see that, because of their symmetry, their pure rotational spectra
are still relatively simple. Choosing methy! fluoride again as our example we remember that

Ig=1¢c # 1, I, #0

There are now two directions of rotation in which the molecule might absorb or emit energy—
that about the main symmetry axis (the C—F bond in this case) and that perpendicular to this
axis. ; ‘

We thus need two quantum numbers to describe the degree of rotation, one for /4 and one
for I or Ic. However, it turns out to be very convenient mathematically to have a quantum
number to represent the roral angular momentum of the molecule, which is the sum of the
separate angular momenta about the two different axes. This is usually chosen to be the
quantum number J. Reverting for a moment to linear molecules, remember that we there
used J to represent the end-over-end rotation of a molecule; however, this was the only sort
of rotation allowed, so it is quite consistent to use J, in general, to represent the total angular
momentum. It is then conventional to use K to represent the angular momentum about the top

axis—i.e. about the C —F bond in this case.

Let us briefly consider what values are allowed to K and J. Both must, by the conditions of

quantum mechanics, be integral or zero. The total angular momentum can be as large as we like,
that is J can be 0, 1, 2, ..., oo (except, of course, for the theoretical possibility that a regl
molecule will be disrupted at very high rotational speeds). Once we have chosen J, however, K18
rather more limited. Let us consider the case when J = 3. Plainly the rotational energy can be
divided in several ways between motion about the main symmetry axis and motion perpendlc}
l{lar to this. If all the rotation is about the axis, K = 3; but note that K cannot be gl't?altlcr t::ea:lhé
since J is the toral angular momentum. Equally we could have K = 2, 1, or 0, in whic l;:eanega-
‘Motion perpendicular to the axis increases accordingly. Additionally, however, charlzwise -
five—we can imagine positive and negative values of K to correspond with ;oocr .
Anticlockwise rotation about the symmetry axis—and so can have values ~ll’(e~v:;lu653
~ Ingeneral, then, for a total angular momentum, J. we see that K can ta

e e B R T (1)t
ure of 2J + 118 import

§

(2.37)

ant and will recur.

tﬁtalof 27 + 1 values altogether. This fig
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entum. For all K > 0, therefor,

Fanar v

(2.39)

(2.40)

nt—rotation about
 (which always

’Timﬁ-thc possible
~'~I;he details need
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2.4.3 Asymmetric Top Molecules

Since spherical tops show no microwave spectrum (cf. Sec. 2.1(3)), the only other class of
molecule of interest here is the asymmetric top. These molecules, having three different
moments of inertia, also have much more complicated rotational energy levels and spectra.
No simple general expression corresponding to Eqs (2.24) or (2.28) can be derived for them,
and they are usually treated by approximative methods, much computation being required
before agreement between observed and calculated spectra is achieved. However, such methods
have been very successful for small molecules and much accurate bond length and bond angle
data have been derived. Some examples are included in Table 2.3 above.
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2.7 THE MICROWAVE OVEN

One area where microwave radiation has become very familiar in recent years is the kitch
the shape of the microwave oven. While obviously not nearly as sophisticated as a spect_romt‘lc‘r-
its mode of operation depends entirely upon the absorption by the food of the microwave
radiation in which it is bathed. In fact, it is the water molecules only which absorb the radiation
and so become raised into high rotational states—the biological molecules in food are far (00
large to be able to rotate. As with many other excited states, the excess rotational energy of the
water molecules is re-emitted as heat and the food becomes cooked.

The efficiency of the oven lies in the fact that this heating is internal. In a conventional hot
oven a piece of meat or a cake is heated from the outside, and it must be left to cook until its
centre has been raised to a sufficiently high temperature. In microwave heating, however, water
molecules throughout the whole bulk of the food are simultaneously excited and ‘heated’. 50

cooking times are drastically reduced.

en, 1n
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The effect of such concentrated microwave radiation on the human body, unfortunately, is
imilar—whatever is exposed to the radiation is rapidly heated and cooked frorq the inside! It is
Slssential therefore, to ensure that the door seal on a microwave is in good condition, so that no
e ;
radiation is allowed to leak out.
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CHAPTER

THREE
INFRA-RED SPECTROSCOPY

We saw in the previous chapter how the elasticity of chemical bonds led to anomalous results in
the rotational spectra of rapidly rotating molecules—the bonds stretched under centrifugal
forces. In this chapter we consider another consequence of this elasticity—the fact that atoms
in a molecule do not remain in fixed relative positions but vibrate about some mean position.
We consider first the case of a diatomic molecule and the spectrum which arises if its only
motion is vibration; then we shall deal with the more practical case of a diatomic molecule
undergoing vibration and rotation simultaneously; finally we shall extend the discussion to more

complex molecules.

3.1 THE VIBRATING DIATOMIC MOLECULE

3.1.1 The Energy of a Diatomic Molecule

(When two atoms combine to form a stable covalent molecule, for example HCI, they may be
said to do so because of some internal electronic rearrangement. We shall not here discuss the
detailed mechanisms of chemical bond formation, but we can simply look on the phenomenon
as a balancing of forces. On the one hand there is a repulsion between the positively charged
Auclei of both atoms, and between their negative electron ‘clouds’; on the other there is an

\—f-\..;
dllraction between the nucleus of one atom and the electrons of the other, and vice versa. The

M@m@wwr distance such that these forces are just balanced and the
"otal energy of the whole system is a minimum. Squeezing the atoms more closely together will

Cause the repulsive force to rise rapidly, while pulling them apart is resisted by the attractive
e?lrecre' Any' attempt to distort the bond length requires an input of energy and we may plot
on ogy 4gainst internuclear distance as in Fig. 3.1, where we have “anchored’ the chlorine atom
chlo:ile axis apd imagine pushing and pulling the hydrogen atom closer to or furth.er. from the
; Ne—a bigger push or pull results in raising the energy more. At the energy minimum the

Inte > el AL : :
lengft!}lluclear distance is referred to as the equilibrium distance req, or more simply as the bond
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Figure 3.1 The energy of HCI as the bond is compressed or extended.

The compression and extension of a bond may be likened to the behaviour of a spring, and
we may extend the analogy by assuming that the bond, like a spring, obeys Hooke’s law. We
may write:

Q9
’Wla',;": f= —k(l’— req.) (3.1)

where f is the restoring force, 'k the force constant, and r the internuclear distance. In this case
the energy curve is parabolic and has the form

E=1 K(r = Toa): (32

This model of a vibrating diatomic molecule—the so-called simple harmonic oscillator model—

while only an approximation, forms an excellent starting point for the discussion of vibrational
spectra.

\/ﬁl The Simple Harmonic Oscillator

In Fig. 3.1 we ha}ve plotted the energy in the form of Eq. (3.2), i.e. as a parabola. The zero ol
curve and equation Is at r = req, and any energy in excess of this. for example at 2, arise
becapse of extension or compression of the bond. The figure sho“;s that if one atom (CD) ¥
considered to be stationary on the r = 0 axis, the other (H) will oscillate between H’ and H"-I?
the case of HCl, it is a good approximation to say that, during vibrations, the heavy chlorine

Zt_om stays virtually still and it is the much lighter hydrogen which moves. However, only th¢
istance between the two atoms is important and fo

imagine ourselves to be sitting on one atom and watc

view th 1 1 '
e e a;tc;m WE are on is sFatlonary and can be assumed fixed on the r = 0 axis. Thus diagra™
g. 3.1 apply to any diatomic molecule.

If the energy of the HCI

r any diatomic molecule we can a!wa)/;
hing the other move—from our point 0

molecule of Fig. 3.1 is increased to ¢, the oscillation will becom®

more vigorous—that is to
T, say t i ' i g
SibeAtakad R il y the degree of compression and extension will be greatef"bu,tn sic

vibrational frequency. d not change. An elastic bond, like a spring, has a certain it
~ independent of the :r;\osfxfn:: lcllt i, oL thesystem dnd the foroevconstant e 11:
frequency is: fistortion. Classically it is simple to show that the oscilla’
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o ::5 ‘
1 [k w |
Wosec. :_\/: Hz ("3)
27\

is the reduced mass of the system (cf. Eq. (2.9)). To convert this frequen'cy to wave-
wher;;s the unit most usually employed in vibrational spectroscopy, we must divide by the
"ulr;m.[y é)f light, ¢, expressed in cm s™! (cf. Sec. 1.1), obtaining:
ve

Wose. = =—4/— cm~ (34)

Vibrational energies, like all other molecular energies, are quantized, and the allowed
vibrational energies for any particular system may be calculated from the Schrodinger equa-
tion. For the simple harmonic oscillator these turn out to be:

Ey = (v + 3)hwose. {joules (v=0,1,2,...) (3.5)

where v is called the vibrational quantum number. Converting to the spectroscopic units, cm ',
we have:

Ey =

E,
ke v + D@ose. cm~! (3.6)

as the only energies allowed to a simple harmonic vibrator. Some of these are shown in Fig. 3.2.

In particular, we should notice that the lowest vibrational energy, obtained by putting v = 0
in Eq. (3.5) or (3.6), is

Ey = hwose  joules (wo in Hz)

- = - . -1 i
or Wosc. €m : (Wosc. In ¢m ) (3/)

B—

Eg =

T_he implication 1s that the diatomic molecule (and, indeed, any molecule) can never have zero
Ylbrathnal energy; the atoms can never be completely at rest relative to each other. The quantity
2Wosc. Joules or %(Dosc. cm ! is known as the zero-point energy; it depends only on the classical

V‘bfa_tion frequency and hence (Eq. (3.3) or (3.4)) on the strength of the chemical bond and the
atomic magses.

The prediction of zero-
Classj

point energy is the basic difference between the wave mechanical and
cal approaches to mo

Molecy : lecular vibrations. Classical mechanics could find no objection to a
t0 som € Possessing no vibrational energy but wave mechanics insists that it must always vibrate
© Extent; the latter conclusion has been amply borne out by experiment.

Fu 5 : :
OSCillatrother use of the Schrodinger equation leads to the simple selection rule for the harmonic
I undergoing vibrational changes:

y

Av=1" (3.8)

To th :
1S w vls 3 ! :
o diat s: must, of course, add the condition that vibrational energy changes will only give rise
i ratiop iwable Spectrum if the vibration can interact with radiatjon i.e. (cf. Chapter 1) if the'
N &Wa’a’ol"es a change in the dipole moment of the molecule. Thus vibrational spectra will
dipol.le-.-mdﬁj ; gnly In heteronuclear djatomic molecules since homonuclear_ mojeculpmh@!eﬁ@

e
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pich it can coherently interact (cf. Fig. 1.8) and this must be radiation of its own

with W n frequency.

scillatio

3 The Anharmonic Oscillator

lecules do not obe exacﬂytﬂhg\l_@ﬁspLgiranlmwrmgtior}; real bonds, although
eal MOI° 5t so homogeneous as to obey Hooke’s law. If the bond between atoms is stretched,
elastics are n there comes a point at which it will break—the molecule dissociates into atoms.
for instance, h for small compressions and extensions the bond may be taken as perfectly elastic,
us althoue litudes—say greater than 10 per cent of the bond length—a much more compli-
for larger alil‘g:lr must be assumed. Figure 3.3 shows, diagrammatically, the shape of the energy
ted bg;a; typical diatomic molecule, together with (dashed) the ideal, simple harmonic
curve
Parabolirely empirical expression which fits this curve to a good approximation was derived by
p I\? llzdorsc, and is called the Morse function:

= V(V)—,E = Deq [1 — exp{a(req. — N} (3.11)

here a is a constant for a particular molecule and Deq is the dissociation encrgy.
W

et~ [kt 4 BILH

1.5 Deq, =

e s

Energy

. S5 A
0. 1.0 1.5 2.0 2 |

-
Internuclear distance nsions and
: ; = ic exte .
| : .‘mharmonlc
-~ Figyy : : le undergoing : -
& SN Th f a diatomic molecu
Q’  come.> he Morse curve: the energy ol 4

". "m .'
‘ = ions.
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wh}Ch, for bond stretching
nal levels crowd more

Sig. 3.4
yn only; more precise
) with anharmonicity
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and compare with the energy levels of the harmonic oscillator (Eq. (3.6)), we see that we can

write:

Wosc :“_Je{l —xc(v+%)} (314)
Thus the anharmonic oscillator~ behaves like the harmonic oscillator but with an oscillation
requency which decrcgses steadily with i_ncreasing v. If we now consider the hypothetical energy
state obtained by putting v = — 1 (at which, according to Eq. (3.13), € = 0) the molecule would
be at the equilibrium point with zero vibrational energy. Its oscillation frequency (in cm ')

would be:

DOSC. 5 U_Je
Thus we see that w, may be defined as the (hypothetical) equilibrium oscillation frequency of the
anharmonic system——the frequency for infinitely small vibrations about the equilibrium point.
For any real state specified by a positive integral v the oscillation frequency will be given by Eq.
(3.14). Thus in the ground state (v = 0) we would have:
1

@o =@, (1 -1x,) cm-

and

eo=1o.(1-1x.) cm™

and we see that the zero-point energy differs slightly from that for the harmonic oscillator (Eq.

3.7). ;
The selection rules for the anharmonic oscillator are found to be:

Ao =1, £7, 43,3 .

Thus they are the same as for the harmonic oscillator, with the additional possibility of larger
jumps. These, however, are predicted by theory and observed in practice to be of rapidly
diminishing probability and normally only the lines of Av = +1,4+2, and £3, at the most,
have observable intensity. Further, the spacing between the vibrational levels is, as we shall
shortly see, of order 10°cm~! and, at room temperature, we may use the Boltzmann distribution

(Eq. (1.12)) to show

Nv=l

Nv=0

6.63 x 10734 x 3 x 10'° x 10°
b s 138 x 10-22 x 300

~ exp(—4.8) =~ 0.008

I other words, the population of the v = | state is nearly 0.01 or some one per cent of the

#round state population. Thus, to a very good approximation, we may ignore all transitions
Onginating at v = | or more and restrict ourselves to the three transitions:

. ¥=0=u =1, Av = +1, with considerable intensity.

Ae=¢,-| — Ey=0
= (1 4+ D@ - x(1 + 53 - {43 = () xee) (3.15a)

SQ,(I b g 2X,) Cﬂl_l \

2 ORORBRA A = +2, with small intensity. u
Qe =(2+ i)ae ~ x(2 4 DZ‘D‘ e ’“‘:’r bl (4)2""‘:’!} v LS b)
= 20,(1 ~ 3x,) em”! .
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_ +3, with normally negligible intensity.

e b R )
e A B 4x,) °cm

n Fig. 3.4. To a good approximation, since x
and 3@e- THe line near W, is called thc’r“»

lled the first and second overtones, rl, o~

hse absorption at 2886cm ™!, a v, caker

ish to find the equilibrium fre
-

0 — U = 3, AU
2 s
*Xoie }

3.v=

These three transitions are showP in F
al lines lie very close to We, 2@es
- and 3@, are ca

hile those near 2w. ;
hows a very inte

absorption, W B et :
The spectrum O HC], for 1ns ance, !
at 5668 cm ', and a very weak one at 8347 cm I If we W '

must solve any two of the three equations (cf. Eqs

from these data, we
0 i 2x.) = 2886 cm ™!

@e(
2.(1 - 3x,) = 5668 cm
30, (1 — 4xe) = 8347 cm

e that, whereas for the ideal harmonijc
assical vibration frequency, for real
on frequency and the equihbnun;

the molecule

I x,=0.0174. Thus we s€
urred exactly at the cl

and we find @, = 2990 cm
fundamental absorpti

oscillator the spectral absorption 0cC

anharmonic molecules the observed

frequency may differ considerably.
The force constant of the bon

inserting the value of w,:

d in HCl may be calculated directly from Eq. (2.22) by

k = 4’
— 516Nm™

nserted. These data, together with

nd the reduced mass are 1
udied by infra-red techniques, are

when the fundamental constants a
ther diatomic molecules st

those for a few of the very many o

collected in Table 3.1.
though we have ignored traqsitions from v = 1 to higher states, w¢ should note that, if
f the vibration has a particularly low frequency, the population of

the femperature is raised or 1

::: » — | state may become appreciable. Thus at, say, 600K (i.e. about 300°C) Nu=1/ No=0
be omes e-xp(’—2.4) or about 0.09, and transitions fromv = 1 to v = 2 will be some 1?)Fper ce_nt
e intensity of those from v =0tov = 1. A similar increase in the excited state population

Table 3.1 Some molecular data for diatomic molecules determined b
y

infra-red spectroscopy
Vibration A 3
Molecule - nharmonicity  Fo
e g’ constant x, (Nrf:flt;onstam ;?:tem“dea'
ance req (nm
HOI ot 4 00218 966 s P
s s 00174 i 0.0927
HI i 0.0171 412 A
co 2169.7 0.0172 314 0.1414
NO ] 0.0061 o 0.1609
b 1842 0.0073 1595 -
: 0.0038 0.1151
23
3 0.2321

t Data refers 10 the ¢} isotope
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ould arise if the vibrational frequency were 500 cm~! instead of 1000cm~'. We may calculate
W

the wavenumber of this transition as:

4 v=1-v= 2, Av = +1, normally very weak

Ae =24, — 61x,0, — (1 10, - 21 x,w,)
| (3.15d)

=w(l —4x,) cm™

Thus, should this weak absorption arise, it will be found close to and at slightly lower
wavenumbers than the fundamental (since x, is small and positive). Such weak absorptions
are nsually called hot bands since a high temperature is one condition for their occurrence. Their
nature may be confirmed by raising the temperature of the sample when a true hot band will
increase in intensity.

We turn now to consider a diatomic molecule undergoing simultaneous vibration and
rotation.

3.2 THE DIATOMIC VIBRATING ROTATOR

We saw in Chapter 2 thatgl typical diatomic molecule has rotational energy ‘separations of 1—
10cm™", while in the preceding section we found that the vibrational energy separations of HC]
were nearly 3000 cm™". Since the energies of the two motions are so different we may, as a first
approximation, consider that a diatomic molecule can execute rotations and vibrations quite
independently. This, which we shall call the Born-Oppenheimer approximation (although, cf.
Eq. (6.1), this strictly includes electronic energies), is tantamount to assuming that the combined
rotational-vibrational energy is simply the sum of the separate energies:

Etotal = Eror. + Evi.  (joules)
(3.16)

-1
Etotal = Erot. T Evib. (Cm )

4

We shall see later in what circumstances this approximation does not apply.

- Taking the separate expressions for .o and &;p. from Eqs (2.26) and (3.12), respectively, we
ave:

Ely =€+ & ;
=i e Ry SRR R (3.17)
+ (U + P — x.(v+ %)25:‘, cm™h
[ﬂitially, Wwe shall ignore the small centrifugal distortion constants D, H, etc., and hence write:

“Eiotal = €7, = BJJ + 1) + (v +)@e — xe(v + 1), (3.18)

Mo ¥4
the e rgid,

Spectrum

e r0tf=lti.0nal levels are sketched in Fig. 3.5 for the two lowest vibrational levels, v = 0 and
n,eighi)ou:;e 1s, howev.er, no attempt at scale in this diagram since the separation between
Since e rotg J values is, in fact, only some 1/1000 of that between the v values. Note that
Quence ational constant B in Eq. (3.18) is taken to be the same for all J and v (a conse-

0 : i ' . '
the capme ¢ Born-Oppenheimer assumption), the separation between two levels of S
Mthe y =0 and y = | states.

t it is not logical to ignore D since this implies that we are treating the
yet vibrating! The retention of D would have only a very minor effect on

.
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purely rotational

a diatomic mole:
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Figure 3.6 Some transitions between the rotational-vibrational energy levels of a diatomic molecule, toge

the spectrum arising from them.

where, for brevity, we write @, for w.(l — 2xc)- : e G tes is a
We should nzte that takirfg B to be identical in tl}e upper and lqwer_ v1b;:ft;:;z;hs}t;; gty

direct consequence of the Born-Oppenheimer approxxmatlon——rotatxon 1S u

tional changes.

Now we can have:

I as= 4, hatis J = J" + LorJi~J/L= 1 hence

3.20a
O T A Y Jl=0, L2, (3.20a)
Jy = Wo
OIS | hatis J7 = J' 1,00 J =" = —1i.hencs (3.20b)
Aey, = @, — 2B(J + 1) o T L L
i ined into:
These two expressions may conveniently be combin s

| m:__:tl,j:2,...

Acjy = Vspect. = @, +2Bm cm
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) has positive values 1,
n cannot be zero since i,
,n ly called the band origin

_rotat ‘spctrum Evidently it
the Mdon gin w,, but Smce

concerned with
 is then quite

) qdiagrammatic
. t Ii leads to the
—— (3.21)

a-u 001
Cm =3 it is
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