 Cpmaror-V1
(onese *77 ¢ -<DSF A
(lowrse *T/ézﬂg@f Mﬂ%ﬂ%fﬁ Mdo/a/aﬁ’

—_ il ik ity
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W We will prove that

1
Lierf/t) =
svs+1
- (3
21 © 21 .
e know that, L(f 2]:]{) C-s‘t 2 d¢
ng  VE=—ty, g1
putting | JEJ 2t J;dy
'J-._srtzdt_——- '/d__z'\['f—t o
.l/ - Ty = e
’ J Jso 2 s

S

1, | <o
fore, —= bl
Therelore { \/—t} \/_
-t : y 1
J_t} \/; by shlftmg theorem]
1

Hence,

) )

=L {_[:,(t - T)O %d‘t} [using convplution the_q;em] |

1)
wn
+

_ t, e’
_L{jol'ﬁdr} ¥ s

Let =12, then the’ integral on right hand side

= T J'J— " dy = erf«/—

Thus we find that

L {erfﬁl - s«/s1+ 1.

Similarly, it. can be proved that for complementary error fqnct;on erfex,

T

- . - )
P i

. b x) and
2. The Bessel function : The Bessel function of order ?.1‘ is denoted by ] ()
is deflned by ,

r=0

” ( 1),, x 11+2r
%) = 2 FiTEer+D) ("2) |
i
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702 4 ORDINARY AND PARTIAL DIFFERENTIAL EQUATIONS

| O Now we will prove that , \

L{J,(t)} =

El : Jo s2+1

From definition, we have

;‘k‘ o r ( 1) t2r
5 ale) -

| Jolt) = Z(:) riC(r+1)\2 Z 22,

g ' £t ——-—tﬁ +...

= l - Ei’+—2_2.42 —22.42,62

1 4 1
Therefore,  L{J,(t)} = L{1} - Ez—L[tZ} tir L) - 22 gz Ly

1 1 20, 1 4! 1 ¢l
SRS 2R PRET T
2 3
=11_1,_1_+1§(L _135(1Y |
S 2‘.‘ 32 2 52 : 4.6 32 J
sl i
1 12
= =1+ =
5( 52) - J1+5>
5 L) = —
o, =
‘0 1+5°

m Worked Out Examples

\//E/xample 1. Find L{#? + 1)3.

» Solution :

\ We have Al : Loih b ) 24
i L{f + 1% = L{#* + 282 + 1} = L[t} + 2L{#*} + L{1]
i ! ‘ | n!
= %+2.-:—23§+1, s> 0 [Smce L{t" l‘s—,,g]
s s’ S 1 Loft 9t
: 24 +2s% +s* .
===, 253200, = | :
s : ‘
g at dinnfrcean 10l el hsvor v wlrslind
i %ple 2. Find L{" afl}. g1 |
g » Solution : Tacadiearas I '
. Wehave
p{ef=tl lL{e-"t‘—l] _ 1[L{e"'j ] L{1}]
a a a
| - l( 1 __]; :1 s> a and >0
i a\s—a " s) T s(s-a)"
,}.\ii - . ’//

Al
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pam?
»solllﬁovne:
e ha |
. 1 | | |
L{sin3 2t} = L{—(BsinZt— i i b
1 7 SIN6E):  [since, sin 30 = 3sino - 4sin%0 |
- 3 isinat L
= 4L{su12t}—ZL[sin6t]
L S e
452422 47 75> 0
- 48 \ '> 0 |
(s> +4)(s?+36)" "
 Example 4. Find LIF(®), where  F(s) = 1, 0stsy
2
: I
=1 - S
1, > <t<1
=0,  t>1

p Solution :
From definition

@[ g 5 —s . | ESSSFYIR AN/ S LB e
[ eF dt = J.Oz'e.‘ _’P(t)_ ;zt+ j%e 'F()dt + [ e~ F(t)dt

1
_ (2 .-t 1 st o[ %=st
= joz e tdt+j%e (t—l)dt+_‘[i-e L0dtiT 7 sigraN

et 2 (t=1e 1_ 1 _e‘*”]
_,:e ]O J’Z[ Jdt+[TJ% le[ Ry dt

1
2
1 -5
+—(1-¢7%) : "
52( i
1 3 6 6

N . + .
Bxample s, Show that L{(1 + te™)?} = 57 s +1)° * s+2° (s+3)°

) SOlutiOn ]

: We haye

1y P

— 2
MO+ tetp) = Lil Bt 4008 0 e Lpe . =)

L) + 3Lite) + BLIEE
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704 + ORDINARY AND PARTIAL DIFFERENTIAL EQUATIONS

|
Uy 2 ey = 3 |
Now L{t} = Z L{t*} = 5 L(P) = x
Therefore, by first shifting theorem, we have |
, |
! 2! |
Lle't) = . 27 L{e—zttz} = 3 and L[8'3’t3} A 3 !
(s+1) , (s+2) @ i,
putting the value in (1), we have _ |
3 6 6 \

1
L+ ) = 5452 T 5427 (5+9)°

_ _(s"=s+1)  that L{F(2f)} = —S =2
A Example 6. If L{F()} = G5 1s—1) prove tha 20)} = 4(51.1)2(:‘42)' |
» Solution : | ' i
$2-s+1

Wehave L) =10 = s 1yts-1)

Now, by the change of scale property we have

2
s S '
: | —5+1 nocilind :
1 (s 1 (2) 2 ' % -25+4
L{F(2t =—(—)=—. = |
e =al\z) =2 e T M e-a
‘ s\ 2 2 ' |
\%;mple 7. Find L{tsin at}).’| —
Solution : - -
R BN
We have = L[éinaf]"js; 'z‘a ,s‘>.0
s%+q?
Hence L{tsinat} = 3L ‘—L\
_ ; ds 52+a2
- d 2 2.1 24as
L= == = = SO O
. ds(S +a%) g (sz+a2)2
A Example 8. Find L{t3cos ¢, |
» Solution :
We have :L{costl = zs ,§>0

541

Therefore,  L{fcost) = (-1)3 13_ (s
: " ds® s? +1

- dld( s
ds? ds(;Tﬁ)]
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ds? | (s? 412

A

ds? (s* +1)2
) i\i(sz+1)2.25-(52—1).2(sz+1).23
- ds (s*+1)% ]
o4 6s-25°  6(s* - 652 41y
= ds.(sz 13 = _, 3 yre

! +1) (5°+1)

: sin at :
/Example 9. Find the Laplace transform of =X + - Does the Laplace transform

cosat  oyist?
of 7

p Solutien : -

We know, .
ISZ+92 5" ’ y voo (1)
Therefore, L {sn’;at}:’ .ED fls)ds = Lw 2 iqz ds, [using (1)]
" d.l‘:tah‘l 3] = tanloo—tan1 S
ST S L oS
2) tan™ , = cot .
Now, L{cos at} =-—Zi,—2 . g;(“sr)',jv(seiy) _ - (2)
s“+a
cosat o s gor Fighy 2l g
»So, L{ t } - L g(s)ﬁ_ds?; -J‘S's,2+a2 ds [using ()]
[l 1 2 2]"3
= | =log(s” +a
= Liim log(s? +?) - g log(s* +4)

Whi e (0 D)
Ich does not exists since

lim log(s? +a2) does not exits. = o (!

§—»w b

Hence L{&tﬂt} does not exist. . ; /"" o

0
. P.DE, (Hons.)—89

N . 3 I e
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706 4 ORDINARY AND PARTIAL DIRFERENTIAL EQUATIONS \

: . . 1 ;
A Example 10. Find L 1{s(s+5)}'

» Solution :

We have
1 1
SRR
L {s(s+5) 5 s s+3
1 o o _1 -
i g[1—e 5’] [smceL(l)-S and L(e 51)=51\}
, +5

v -1 3s-8
A Example 11. Find L {—————452 +25}.

' » Solution :

- We have
35s-8 )3 S a1
L—'l i } = L[ —, = 2.
{4s2+25 4 52+(_5_)2 Sz+(§)2
| 2 2
= EL-I' e —2L—1 1
4 5)? 5
sz+(—) 52+(—
T\ 2 2
- é 052_21 S 2
7 I )
_ 2 -
LBl 4 5t
AR 2 Bomy
A Example 12. Evaluate L‘l{ 1 1
(P +a)(s+1)?

» Solution :
We Fave,

- 1 ,2.=A+__B=_+CS+D
(s*+4)(s+1)*  s+1 (s+1)2 " s244

o, 1=Als+1)(*+4) +B(s>+4) + (Cs + D) (s + 12 ()

Putting s = -1 in (1) we get, B = % :

Again, equating the coefficients of .53, s? and constantsl from Both side of (1) and
simplifyi _ 2 _2 | |

Plfymg’ we get,A— 25/C= —2_5 andD—_- —%_
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/ ~———APLACE TRANSFORMATION AND 175 ArpLicATiON 4 707
4 soe— 1 2 £
V. | (32 +_4)(s}+ 1)2 25(s+1) 5(s+1)2 #4-34)

1 : A
-1 ‘ :
rherefor® L {(s2+4)(8+1)2} | "
| 11 1,4 1 2
R R T e S T
’Z/SL s+1] 5. ._(s+1)2 25" \s2427) 25 - sz+22}‘

1 -ty 1} 2 3 sin2t
2 ottt =l £ 05?2
Ee +58 {s’- 25(:05 = 25 5

\\

2t Lt~ 2 osot- S
5.5_(3 +.5te 25cos. Sostt

|\

/Example 13. Use the convolution theorem to evaluate

o 1 {Gr56-D) G Ll{(sm(s +1)}

» Solution :

s

_ 1 |
(i) Let fis) = ——= and g(s) = = 1 TR
Then P(t) = L'I{f(s)} = L‘l(s+1)= e’ B - (1)
| AN |
and G(t) = L™g(s)} = L'l(;j) :=“e iy e - (2)

Now using the coﬁvolutiovn .the"or'erri,k -we’havé‘_ M
L fis)g(s)) = J Fw) Gt - w)du

,Orl [ {_(_1_1)1(_5_41_)_} — j(: e‘—u'et—u du, [usmg (1) and (2)] - ol
S - i 13510

' o : 1 t
el =2u |

t =2u ) — i P Y ]
e -[0 e~“Mdu=2¢ [ 2 .

: L1 o=t
_%et(e—ZtT]_)—__:E(e ~8 )

I

1
(11) f(S) = —1f and g(s) = —S—z—;‘i‘

| )+
- Therefore, P(t) = [ fs)) = LM 5+1

Vl ‘ o -—‘1—'— = i t
and G(t) = LHg6) = L7 {Sz+1} sin
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