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- |If1] =1

= | flis bounded on (&

Let € > 0 be arbitrary )

Since f € Zla, b],EP:{a=x0<x1 . "
-L(Bf)<E

uRf)- LB S - o )

et = xs:[pvf(i)] , x€[x,_ 1% ]
=171
o —suplfl(x),  m=inflfl(x),r=12
’ xe[xr_].xr] x€[x ;X% ]

Now,V x, y € [x,_p %] (r=1,2, 00 n)

1= ] =[1F @I D] |
<l -f)| [ lal-1el<la=bl[]

= sup{[| £ 1()=1 F (|2, yelx, %, 1}

<sup{|f)-f)|:xpyelx_px]}

’ ’
L= Mr - mr SMr—mr,rz]_’Z’m’n

\/ Remark:

= DM =) (5, =5 )< (M, -m ) (x, —x )

r=1 r=1

=>URB[f)-LEB[fDSUBH-LEf <
= | f| € ®{a, b], by a sufficient condition of integrability.

|f| € Za, b] may not imply that f € 2[q, b)

Letf: [0, 1] = R be defined by

fx)= 1, x€[0,1]nQ

=-1, x€[0,1]-Q

Then |flx)| =1,V x ¢ (0, 1]

= | f|is constant in [0,1]

= |fl e &0, 1)

Butf¢ 20, 1], as J.Olleand de =-]
207 =7

<X, = b} € 2(a, b] such that

n
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VR gof) - LPgof) = 3 (M) -’y (5 -, ) @
Fad ! o r=j

P $ = &, by (1) and ({iv)

o gof « Bla bj

E - Mf la ® -+ R M integrah) !‘ b
| 00 AN o 8 Mia blandg (o, 4] -
| —  where fla #)) © o 4], then £0f May not be ing “” . “:b;’mupubkou[c. d},

letf DL 1] R Ndfﬁh('d’*y
1) =0 i a =00ty it irrational

1 ifae 2
g = ;.W‘b(‘ﬂ"ﬂ.ﬂt degcd(m,n)gl

Then f ¢ &0, 1]
letg Q1] “gt‘fdfﬁncdhy
fad=1dx=0
=Qifx=0

»

Then ¢ i bounded on [0, 1] and continuous on [0, 1] exceptat x = 0
£ » integrabie on [0, 1)
Now paf(2) = 0, ¢f x = 0 or x irrational
= |, if x rational

) Gearly pof 13 not integrable on [0, 1]
Thesrem 24.12: Let [ [a b) - R, 6 : [a b] — R be both bounded on [a, b] such that fix) =
¥ .2 exorge for 3 finate number of points in [a, b]. If fbe integrable on [ab] then ¢ is integrable on

i« b tdft'—*f_f_
Proed: ¢ 1 hounded on [a. b]
D 3k>0such that [¢(x)] <k, ¥ x € [a b]
Let flx) = ¢(x) on [a. b). except for m points x,, X, ..., X,
"hnrasz«:x:-’ .<x Sb
Case 1. ltacx cx,c..cx <b
Lete > 0 arbitrary.

d )
: 4 x +-L
Let us endose x.. 1., ... x,, by m non-overlapping sub-intervals [Xl —3 Nt ]

1° 2
L8 B 5. 5.
:-Tvx:"? - I'_——Z—-x,. 2
mtd -I - 5" <b
-3 Xy 2
andd +§ +... £ .. (1)
, +0, +5_<4k
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Case 2.

2nd part :

inf ¢(x) o

XE[X,’%L'XI+7L
(1) 51 +61 x —6_2]
- x,+t5 "2 b
Then M m,= L ,ntcrvals [a, xl 9 ’ 1 ) 2
he remaining (m + 1) sud!
the ¢
Now, f = ¢ O"
6'" I’
e bintervals. -
i these m + ] su 5 :
= ¢ ismttgmblc on ; ; x —é—z_ - Pm+lof L ) :
¢ - P Of xl +—2—, 2 2
—» Japartition Py of|®mX —7 ['F2
... (iii)

such that NPT o ., D
U(P, 0) - L(P» 9) < 3 +1) |
LetP:PlUPZU--- UPn1+1
Then P is a partition of [a, b] 5
+1
3 M —m,)0
UP, ) - L(P, $) = Z[U(P,.,q))—L(P,.,cp)]+r§( ,—m,) 0, |
i=1
m+l1 m
£ 8, by (ii) and (iii)
= Z;Z(rnﬂ) +2k; r» by (i)
R 2%--£ by (i
<2(m+l) (m+1)+ Y y (i)
=g
= ¢ is integrable on [, b], by a sufficient condition.
Either a=x  or b=x, or both
If a = x;, the subinterval x, can be taken as [g, a + &

can be taken as [b - 0, bl.
proceeding with similar arguments it can be proved that ¢ is integrable on’

[Jandifb= x,.» the subinterval % ‘

In any case,
[a, b].
Let g(x) = flx) - ¢(x), x e (a, b]
Then g is integrable on [g, b], as fand ¢ are so,
Also g(x) =0 on [a, b] except for m points X X9y iy X
> m

Consider g, (x) = % {g(x) + g} x € [q, b]

1
and g (x) = 2 B0 - le@)) x e [g b]
3en g(x) = £,(x)+g (%), x [a, b]
Ince g and ' .
b lg] are Integrable on 4, b], both g. and '(W) .
NN << < Yn=b}ep[q z] Sg ieen ot

Let m’ = inf g (x),r= 1,
xe[yr-l'}’,]

2’ tery n

Py

Scanned with CamScanner



\} — THE RIEMANN INTEGRAL P> 95

L

Since g,(x) =0on [a, b], except for at most m points, 7’ = 0,721 1 @
n T r =154, .., N,

L(B g+) = Zm: (yr —yr—-l) =0
r=1 .

b

&

)] ng+(x) dx = sup L(P,g,) =0
a P& P[a,b]

— J: g, (x)dx=0> since g, is integrable on [a, bj

n gimilarly, it can be shown that j: g (x)dx=0

! jb] -, from (iv), _[: g(x)dx :j: g, (x)dx+ J.: g (x)dx=0
= [ 1f -0} dx=0
> [l fdx= [loGydx  (Proved)

If fand ¢ be both bounded on [a, b] and f(x) = ¢(x) on [a, b], except for an enumer-
able number of points of [a, b] and if f is integrable on [a, b}, then ¢ may not be

integrable on [a, b].

/
Remark:
—’_

0,.x€[0,1]NQ
Let fix) =1,x € [0, 1] and ¢(x) = 1, x€[0,1-Q

Then f and ¢ are both bounded on [O,- 1] and f = ¢ on [0, 1] except for enumerable
subset of [0, 1] and fis integrable on [0, 1], but ¢ is not integrable on {0, 1].

" SOLVED PROBLEMS

on

Problem 13. Let f: [a, b] > R, g: [, b] = R be integrable on [a, b].
Prove that (i) max (f, g) : [a, b] > Ris integrable on [a, b].
(ii) min (f g): [a, b] > Ris integrable on [a, b].

Solution : (i) max (f 2 (x) = max {f(x), g(x)}, x € [a, b]
Somax (f, @) = % [(F+g) +[f-gll

Nowf g e 2la, b]= ftgeR[a b]
| :>f+g62[a,b]and|f—g|e??[a,b]

= % [(f+g)+|f-gll € Rla bl
. max (f, g) € Zla, b] —
(i) Hint. min (f g) = % (F+9) +]f-8!
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96 <« FUNDAMF&M"/I’/ rable on [@ b) 0. xc @ b)
- RPN Ly
Problem 14 Letf: R, defined by /" [fix) <O X c [a, bl
Prove that f [a: b] - =0,
, v x - [an b]
rable on [4 bl H(x) = f(x), if f(x) 2 0,
foine® p) > RS defined by v/ £0.%€ (a, b]
solution: f [a. 0] _ 0, if f(x)
| )
Then, f’(\’) - max {f(x), 0h X € [a
5 =>ft=3 f* l” )
j Now f€ ?[(1, b] = lfl e Rla, b]
Lif+lflteRla bl
= f*e &a,b]
Alternative proof :
Let £ > 0 be arbitrary
Since f€ Zla, b],IP={a=xy <X <% <xn=b}eFD[a, b]
Such that U(B f) - L(B f) <€
Let M= sup f(x), m = inf f(x)
xe(x,_;.x, ] x€[x,_ ,x ]
M,’:supf+(x) =inff+(x),r=1,2)_ N
XE[xrl r] xelxr—l.x']

Now, f*(x) = fx), if f(x) >0, x € [a, b]
=0,ifflx) <0,x € [a, b]

- if0<m <M, then M'—M m'—m and so M _ m =M, -
and if m_ S0<M, thenM =M, m >m_ and so M’ a4
and if m <Mr50,thenM =m =OandsoM m—mrSM i
U(p’f-q-)_L(‘P,f Z(M _m x . ) Mr-mr

r-1

r=]

Z(M ~m )(x ﬁxr-l)

r=|

=UBH-(p
+ <g
> ftis integrable o, [a, b]
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problém 15. Let f: [-100, 100] — R be defined by

fix)= 0, x € [-100,100] N Z | @
_1,x € [-100,100] - Z |
100
f f »if exist.
~i00
Solution : fix)=0,x€ [-100, 100) N Z
=1, x & [-100, 100] - Z
fis bounded on [-100, 100]
Let g(x) = 1, x € [~100, 100]. Then g is integrable on [-100, 100]

Now g = fon [-100, 100] except for fini :
0, 1, +2, ..., £100. pt for finite number of points, namely at the points

. fis integrable on [-100, 100]
100 100

and [ f= | & =1(100+100) =200

-100 -100
Problem 16. Let f: [0, 3] = R be defined by f(x) = x - [x], x € [0, 3]. Show that fe 2(0, 3].

Evaluate

3
Evaluate J f.
0

Solution : f(x) =x - [x], x € [0, 3]
Then flx) =x,0<x<1
=x-1,1<x<2
=x-2,2<x<3
=0,x=3
Since | f(x)| <1V x € [0, 3], fis bounded on [0, 3]. fis continuous on [0, 3] except
at finite number of points, namely at the points 1, 2 and 3.

.. fis integrable on [0, 3].

Let ¢,(x)=x,x € [0, 1]
b,(x)=x-1,x€ [1,2]

and ¢,(x) =x-2,x€ [2,3]

Then ¢, =fon [0, 1] exceptatx =1, .\ ;f= o,

¢, =fon [1,2] exceptatx =2, . f=]%

3 3
and ¢3 =fon [2, 3] exceptatx =3, .. | f—.:‘ ¢3
2 2
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3 1 2 1
jf=jf-+j/"+-]f=f¢x +[® 4"2”3
! A y 2 ;() l

j'(x-l) dx + j(x-z) dx
2

1
-.-fxdx+
0 1 3

==+ ==X 9
[ZJ( [2 : 2 ?
1,1 J+[2—-6—2+4]

3+[-2+1*2
3

’ ‘ 1 = = —l)n- 5 if
Problem 17. A function f: [0, 1] = R is d(l:ﬁned by f(0) = 1, fix) = (

(n=1,2,..). Prove that f € [0, 1]. Evaluate If :
Solution : f{0) =1, 0

_1 1
n+1<xsﬁ

-1 ¢ 1 1
o) =i TS xSy n=b 2

Since | fix) | =1,V x € [0, 1], fis bounded on [0, 1]

Now f(x) = 1, % <x<1

1 1
=1, T S—
13<x 2

1 '1
1: 4 <x_<.§

=1,x=0

fis continuous op 0,1 .,
set of all disconti ["' Jexcept for infinite number of points o, 1 1
e Duities have only one Jjmjt oint Gtk 3’ > but the
~ fis Integrable op [0, 1]. point, namely 0.
Let ¢,(x) = (=1)i-1 _1 4

! )’ TFISx <l

Then ¢, = fon [L 1
1 i+1°7 | €Xcept at one point L
141

if=j¢i=<~1)f—l (1-1

! m)’i=l’2)...

-

1

Se— i .
< *
Il
—
\
.
[P S
&H
+
= e
“~
+
-’"""_.A[—-
S~
+
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1(1 £)+(—1) (l 1
273 T)FED (L, @
= (1--%+%—%+-~)—%+%- +%_?.. 9 < )+ .

2 3 4
=210g2—10ge[log(1+x= _X_z'x3 x?
g 4

Problem 18. Let f: [0, 1] > R be defined by f10) =0 ﬂx) =a" @™ <x<gn o
- » h= > 1; 2, ses

(0 < a < 1). Show that fis integrable on [0 1] and I f=

+a’

e —————

Solution :-f: [0, 1] > R is defined byﬂO) 0,f(x) =a" a™l <x<a" n= 0,1,2,.
Thenfix)=1l,a<x<1"

=a,a’2<x<a
= 2.

~(0<a<). ‘

< x<a?

=0,x=0
fis bounded on [0, 1] and is continuous on [0, 1] except for the points a, a?, a3,
.., the set of points of discontinuities of f on [0, 1] is infinite and the set have only

one limit point, namely 0.

. fis integrable on [0, 1]
Forn=0,1,2,..letus defineg,: [a"*], a"] > Rbyg, (x) = a", a" <x<a".
Then for each n =0, 1,2, ..., g, =fon [a"*}, a"], exceptat x = ™+l

Tgn(x)dx= ‘]‘ f(x)dx

+1
an+l a"

fr=frefse]fee

= lim 2 J g;(x)dx

e i=0 i+l

= lim Za (@' - a*h)

n—eo

= lim 2(1 —a) (a

n=yco
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