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ORY & PROBLEMS]

NALYSIS [THE L .
TALS OF MATHEMATICAL A 4
60 <«¢ FUNDAMEN 50,8,>0 such that @

)
Since fis bounded on [a, b], 30,

V p e P[a, b] satisfying [| Pl <8
URJ) < J f*3 vp e Pla, b) satisfying || P|| <8, [Darboux theomm}
and L(B f) > j f = =

Let & = min {51,8}
N .
Then U(B, f) < J.”f +3 and L(P, f) >

‘ b

b € _ +
URH-LEBH< [ f +3 _jaf
The condition is sufficient
Let the condition be satisfied.
Let € > 0 be arbitrary. Then by the conditon 3 8 > 0 such that

UPR N -LEBf<eV Pe Pla, b] satisfying || P|| <&
[t b 11 Pe Pla, b]
Now 0 < - < U(Rf) - L(B f) holds for a
ow L f Ja f

J’ = _28_ V P € Pla, b] satisfying | |
§ by (1), V P € P[a, b] satisfying ”Pl
2

= OSJ::f - J'abf <URBSN)-LESf)<eV P e Pla, b] satisfying || P|| < &

b b
0_ -
= <J'af Jaf <tg
= J:bf = ¢ since € > 0 is arbitrary.
ST -

= fe Za, b]
This completes the proof,

SOLVED PROBLEMS

Problem 4. Let £: [0, 1] - R be defineq by flx) = {g x€[0,1]AQ
' Q

’ XE[O,I]_

Examine whether fis integrable op [0, 1].

Solution : f{x) = {"’ x€[0,1)nQ

x€[0,1]- -Q
Since [f{x)| <1, Vxelo,1], fis bounded o, (0,1]
LetP <o, 12 n_
e {onn L }ep[ou

LetM r=Sup f(x), m, =inf f(x), r=1,2,.

-1 r
xe[ n n] Ae[’;‘ L]
nn
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ThenMr=f(’—:)=_,m =0,r=1,2,. @

n

n(n+1)

. < 1 1 ]
LU, N = 2 M, ho 7 Zr 2 2 :5(1 _I‘—l_)
r=1 n h

n
1
L(P, f) = z';mr -71-=0
r=
Now {P,} isa sequence of partitions of [0, 1] such that

”Pn”='ll'">088n——)00

Lf— limU(P ,f)=lim 7("+l):%;

Nn—oo =00 &L

andjf—llmL(P , f)=1lim0=0

n=—co n—yoo

. 1 rl
Since, jof ;tjof,fe 20, 1]
2
b 0,1 {
Problem 5. Let f: [0, 1] — R be defined by fix) = { , x€[0,1]NQ
x XE[O,I]—Q

>

Examine if fis Riemann integrable on [0, 1].
x’ xe[0,1]NQ

b

Solution : f(x) =
/ {x-", x€[0,1]-Q
Since V x € [0, 1], |f{x)] £ 1, fis bounded on [0, 1].

Let P, = { — % ...,-:—;= 1} be a partition of [0, 1].

Then {P,},, is a sequence of partitions of [0, 1] such that

|| P, ||_—-l > 0asn—>©

Let M, = sup f(x),m, = inf f(x),r=12,.

r=l r r=1 1
xE[—— —] le[ n’ n]

f |[ ] is monotonic increasing on ['—;—1, ﬂm@
Shane
1 r r 2
spfrxe [ )= )=t
r=1r _r:_l)=(r_-_1)2
e mf{f(X) xe[ h ?I]OQ} f( n n
is monotonic increasing on [_r_n-;l, 'F] -Q

ok
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is a sequcngg R

] r] @}: im f (%
r—1 L|=
—_—
‘ . sup{f(x):xe[ no " to =
oints in [""”H
I.’ " =1 l‘],@}= lim f(
’ —e°
and inf{f(x)ixE[T n mr.—l
r=2
. [r=1 r]_qQ convergest® Tn 4 w
points in | = % 3, (L) as m —>
. =0_ "7 \n
Now o, —> L asm""’ojf(a’”) " 1y o0
m~ n SR (_f__,..) as m—>

r—1 w0 = f(B,,) = Pm n
and Bm—> T as m—> f m

. r\
e L e
and inf {f (x): v [’—’;’—lﬂ—@}=(r—§l)
Nowx3<x2V x € [0,1]
2 3
= M = (’l;‘) and ’ﬂ’.z ('r_’;_) y = 1>2) wo

1)(2n+1) 1 1
11w, _ 1 nind =_(1+—)(2+—
LU= XM, = 2 =y 3 6\ n/\" " n

C 1 1 1 (n-—l)nz_l_ 1
L(Pn,f)= Zﬂlr';?“:;lTZ(r—l):S _F{_T_} = 4(1 n)

Pl VA (YA (Wt
..jof-lln1U(Pn,f)-hm6(l+n)(2+n) 3

} is a sequenge .
m 4

B ), where {Bm
m

n—yoo n—yoo
1 . .1 1 1
=lim L(P , f)= _( _)=_
[of =lim L(B,, )= lim 51+ )= 2

Since Iolf¢J:(:f,f¢ Z[0, 1]

Problem 6. A function fis defined on [0, %] by flx) = smx,  x i's T‘ational
> Xisirrational

(% %
Evaluate Jozf, Iozf - Show that f ¢ 2[0 E]
£ 21"

sinx, s
Solution : f(x) = i I:O’ z]mQ
T
X, xe[O,-i]—Q
)< X v 0.5 55,
l 7 Vxe 0,5] = fis bounded op [O,E].
AlsosinxSxVxe[() U i 2
,3], equality holds atx =0
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T 2%
=10, , nit s T
Let p, { 2 I _—Zn} be a partition of [0,—2—] @
T
. Then || P, || = 3, >0asn—ow

_|=Dn
Let Ir— [—2’1'_)5;]; r= 1) 2) w1

Let M, = sup f(x), m.=inf f(x),r=1,2,..1
xel xel

Now fll ~g '8 Monotonic increasing on . N Q
r

HI) : ‘Vhere {a‘m}m

sosup {fx) LN Q)= lim fla
T m—yoo
and o, —> 5 asm—> ©

is a sequence of points in [, N Q

2n
= lim sino
n—oo m
TN | . .
=sin 5=, since sin x is continuous on R.
N . . (r=1)m
Similarly, inf {f(x) : x € I. " Q} =sin ( Zn)

Again, f|j -0 1s monotonic increasingon I, - Q
issup {f(x):x el -Q}= f(%):%

and inf {f(x) : x € I - Q} = f((r;;)n): (r;;)n

T . r—
'_M:r—-,mr=sm( ,r=12,.,n

r2n n
n 2 2 5
T_ NN ¢ n(n+l) x ( 1)
U(ow) Z{ r'2n nZ Z:: 4?12 2 8
n _
T _T|gn ™ 2n . (n-1)m
L(P,f) = Zmr--z—n-—zn sin—+sin3 s o
r=
n m o _. H—I'_TL
B i I T Y,
2n sin%—-,_—’%
i sin n+l v sin 2 x
Sinx+sin2x+ -+ sinnx = —= 1 2
sin=Xx
2
7C
71—;1- . T . 1__1)_1_[_
=2 == 51n4sm( mw
$n4n
. j‘%f=lim U(P , f)=lim Ez—-(1+.].)=3_t2_
0 n—yeo " H—yo0 8 n 8
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x is irrational

’ 1S
_"‘V '}Z 2[0: —-] .
Since J'Ozf¢10 fi.fe 2 {xz +x3 , xis rational

ction fis defined on [0,1] by f(x) = X

Problem 7. A fun

JK Easy Copiety!

ordi

Evaluate L:f, Iolf show that f ¢ Z[0 1].

axd, xe[0,1]nQ
Solution : f(x) = {x+x2  xe[0,1]-Q
[fix)| <2V xe[0,1]=fis bounded on [0, 1].
We note that, (x+x2)—(x2+x3)=x—x320Vx e [0, 1]
= x+x22x2+x3Vxe(0,1]

Let P, = { l 2 --,£=1} be a partition of [0, 1]
71 Il n

'Ihen“Pn”:;——>0asn—>oo

Let M, = sup f(x),m =inf f(x),r=1,2,...n
xe[541] xe[5h 7]

Now f,[, | r]~g I8 monotonic increasing on [_r—l ; L]m Q
n

sup{f(x> ve[ 5L Lng)= s(2)- o+

n

e S -
n n
Again f [[r;, Jog is monotonic increasing on [r 1 "}
sup{f(x):xe[fT—l,ﬂ_Q}= i 1o n’n

M—sc0 ( m)» Where {0 b, 1sase<luenc€ij

r m

P_I
| ~Q converging to H

]

lim (o 402

M—yo0 m m

I

1 r 2
“”"(*) since r
n \n)> o, — n asm—oa

i
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s —
e

- Neve | =1
inf {_f(.\)..\e[’, ,] @}- lim j(ﬂ ), where {B,},, is a sequence in

n—yoco

[r—l r] = Q converging to r=1
n

n'n
lim (B, +Bm)

=—yo0

- - ; r—1
= u+(u) ,since o, —> —— asm —» o
n m n

n

_ _ro eV =12 =1
. AIF ""l"(n) , nl_ —(T) +(T) y r= 1, 2, ey N
U(P f) 21\1 -,—1=—,—Zr+ zr

1 ”(”+1)+ n(n+1)(2n+1)

2 3
2 n 6

SR
L(Ruf)=i'”,';1;=L32(r—1)“+—-2(r 1)’
r=1 T nt 4

1 (n=Dn2n=-1) 1 [(n=D)n 2
n n
1 _l)

"6 (l n 2

(
I f=lm U(P , f)=lim [%(1+%)+%(1+%)(2+_:;ﬂ

n—ee 11—co
5
b ‘17:+'§' =% 2
1(, 1
JLr = tim 1,00 =i |- B3+ 0-3) |
17
7 3tiT 1
Since J;f # ;f,fez[O,ll

B cosXx X E[O E—]ﬁ@
’ > 4
T =
Problem 8. A function f defined on [O ’ -‘-1-] by fix) sinx, x 6[0 , %]—Q

¢ T
Evaluate & f and I% f and show that f ¢ E[O,Z]
0 40

COSX, VG[ ]n@

Solution : f(x) = T
sinx, X€ [0' 'Z]"@
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i d on [0,
Since | fix) | <1V xe [O,g—],flsbounde o 1

TR T T e s """"—-\\\
i) g

. . -
We note that sin x<cosxV x € [O’ §] - where equality hOIdbnat " g
e note that sin x < ' g r
is increasing on [0 E] while y, = cos x is decreasing on [0, 4]
"4
Ay
T 2m M, X
Let P = (o, Pt e R )
be a partition of [O EJ 7'; o Yy = sin x
4 (0, 1)

1
'Ihen”P”l:%;—)Oastt—)oo . —-»(%E]
Lets = [(“ri;\)n, ;—E}, r=1,2,.. n. '

. —_

Let M = Sup {f(x): x 1}, m, = inf {f(x) 0 (E, 0) (g_, 0)
Xelhr=1,2 ., 4

Now f[[ nQ is monotone decreasing onl.NQ

©OSUp {flx) : x e LN Q)=

cOnverging to (r\;ﬂf
n

M—00

= lim cos O
M—300 n

= COS\(r_l)n

lim f(am), where {ocm}m 18 a sequence jp I

since cog x is continuouys op, R

4n >
and (r—D)x
(Xm - 4\11 ASMmM — o
and inf : = i '
Inf {f(x) J;T'Ce I,NQ}= nlfli)ll f(Bm), where {Bm}m 1S a sequence i L1
converging to 1T
4n
= ]
mlgzo cos Bm
=cos IT
- 4n
Again, f L;Q is Monotone increasing onj -qQ,
- sup [f(x):xe[r—@} =f(ﬂ) = sipn I
4n 4n
and inf fx):xey _ = f[{=Dx i _
{f(x) r=Qb=f T =sm%5
M= cos (T=D)m =sin (F=D)x
r P ’mwSlllT,%-,r:l,Z,...,n
n
S UP A = .
( n f) ZM: Z;
r=]
-
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nox (r—l)n ‘

1+ (.()s——- H()szn.{ o C”S(”“])ﬂ
4n an

= L
an

J f—llmUP f)

n—yoo

T
n—oo 4n sml 8 8 "

8n

— _1! i 1{_
—0+1.2c058 sm8

T
L(P,f)= Zmr i
r=1

s

4n

r=1 ( l)n

_ T § 20, L U ]

= sm4 +sm4n+ i
ant . (n=1)T

——=sin
Sln8n 8n

.l
. T
4n Sin5—
T
8n

8n

T _l)E
-.2 sin 8 sin (1 3

& jo f=1limL(P,, f) )= lim

H—0o0 n—e° sin é;

Since JZ‘f_;t j %f,fe 2[0, %] (proved)
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. PROBLE
e 1 [fHEORY & PROBLEVDL
Cae” ANAI-Y:’_EL/,” _\\

s OF MATH
g FUN[)AMENTALS <& I)) Lct P (ll, ar, llt‘z, coey “r") Wh

[a, b] (0<4 . ,
b], prove that !2)1:0 L(P,, /) = J‘

"——

] >R be boundcd on

Problem 9. Let f: [a, b
l . }a of partitions of [a;

/
r’ = g. Consider the sequence {r, @ ¥
b
nl-l-:g U(P’,f) = fu /-

. ‘H = '99,x€ [l, 2]
Evaluate flzf and f when (i) fx) = O xell,2] (ii) f(x) = X
Solution: f: [a, b] — R is bounded on [a, b] (0 <a < b)

n_ _b_
a

n=1 1
Then || P || = ar=1(r - 1) = a(b) " [(g)” —IJ Do
Lete > 0 be arbitrary.

Now fis bounded on [a, b]

2
P, =(a, ar, ar?, ..., ar"), where r

= 38> 0such that UB S < J.bf +&eV P e Pla, b]with || P|| <& o

[Darboux the
) orey
gain nlgm 1P, [1=0= 3k e N such that P, l[<8Vn=>k 1

“ by (1) & (2), U(pn,f)<f”f FEV 3k

=>|U(P, [t b
B N)=["f] = U(P”,f)—flf<e,‘v’nzk

= Jm ue, =

Similarly, ,,132 LP,f)= fbf (verify 1)
(i) f(x) xgxe[l 2] - |

=5, > ), where 7 — 2
- IEall=rie - o5 (2" -1
Letp = “)ﬁOasn\)
R Supf(x) ’m lnff( ) o0
S =
ThenM ﬁ;([}: I 1 xE[rSI rSJ S = 1 2
) (rs) and m -—f‘(rg l) N r9(3~1) p
>S=1,2, N () pa t.r'
h ru
n’f) ZM = (r v fis Monotone j increasing on [l }
5 -1) |
n
r9< S
ssl (r‘l)
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o L(Pf) = 1_(P.)J) +L P, f)

Therefere 0 g $)—1 (P £)
= LU Ch ) —rem )] ALV )L (R d)]
- €

| 2 le OM Z’_c'l!_)j>
T proves that j/‘ ) 'V"‘U'(L‘7W0’\7

~
.

?'ﬁ 4 P )

Same as b efo ye

< _ B ! A€ 2 ble o Za 57
()% L‘F[‘Q.k' ?; l(\, )9/{ -~ @\ He L l 25 Y C &

ok 3/' v Jq, v — P e pumoed oM [a, %] amd

f(’}t — 7(')() A e e la,b) -@}(,(“.Lfblﬂ cAd o orta
D)

wrybek gf poivk ¢ [a.5) -

Thow £ ¥ Wﬁ[’ijvtkéb en [@, 6] omd f f=(

(
cnacof ¥

B et -
—_—

i | et g e g p. be _cbkfi;\/\ e d %;/ vf—()c) = [j(])

. | pla € 1_0/ '?;_) K Frove H\Ovﬂ Jﬂ )5 if\n E?‘?’aébi o 102‘3"]'
.‘ 3 '

gw oJJ-LWh ja JL

R s o

(s A L% 4
P — : » ; N2 Oy, L £
fw= ° A |
, /b ern | £ L2
=9 W eikd, PG
' =3 R/ Aean = 2
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