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N | | the es {u} and {w, ‘th;'\
= Proof: Lets > 0. It follows from the convergence of the sequenc { } » } \

- for all
there exists natural numbers & and &, such that [u, 1’<5
for all n>k,.
Letk = max {k,k,}.
Then 'l—g<un<l+s and /-g<w, <l+¢ foralln2k
Then !-g<u,<v,<w <l+¢ foralln>k
Consequently, |v, —I| <& foralln>k
This shows that the sequence {vn} is convergent and lm v, =1.
' 1
Ex8: Prove that hm( l F oo + = J= I vU2003
e \/n +1 \/112+2 n-+n
™= Letu, = B i +— 1 ‘
\/n +1 x/n +2 n*+n
We have 1 |
' \/112-%-2- \/112+1
11
VP43 P +1
1 1

< =,
N n? +1

Therefore U, <—— fér'alln22
'\,/_n2 +1 - .
1 2
Agam >
\/n 1 itz dwia
1 1 w0

+ >
\/n +1 \/n2+2 .\/'n2+'3 \/n2+3

.......................................................

- Therefore u, >

foralln>2
Vn"+n '

n ' no . '
= <u, <——="foralln>2

n+n n+1

Thus

But lim- =1 andlim

n
n-»o ”12 +n . n—o

By Sandwich theorem, limu, = 1

, h—om

Ex9: Use sandwich theorem to prove that (i) lim(x/n+l .—\/;-)=0

W

Gi) fim —— L 1|
e (n+1) (n+2) (n+n)

n>k and |w,~1|<

&
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T Let v, =Jn+1-n forallneN.

Then v, = 1 forallneN

Jn+l+n
1 1 1
. Therefore S = < forallne N
2n+1 \/n+1+«/}7 2\/;

1 1
Let u =——— and w,=—= forallneN.
" 2dn+l 24n

Then we have, u, <v, <w, forallneN.

11m u, = lim
n—o .N—®© 2 ’n + n—on n—oo 2\/—

Therefore we havelimv, =0, i.e., hm(\/n+ \/—)=

(ii) Try your self
Null Sequence: A sequence {u,} is said to be a null sequence if limu, =0.

h—w0

Ex 10: Show that the sequence {l} is a null sequence.
, R n

=\ Let us choose a positive & .
By Archimedeélh property of R , there exists a natural number % such thatke >1, i.e.,0 '<% <¢. This

implies 0 <4l <g foralln>k.
. o n ) it 5

1o
n

It follows that < g foralln>k.

This proves lim L 0 .Therefore the sequence {l} 'is a null sequence.
n—m n n . .

Ex 11: Show that the sequence{ ! } where p>0,isa n.ull,sequence,

@\ Lete >0

L

P

-0 .

1
=—]—<g if n” >l ie., ifn'>(ljp..

Then
: n? W £

n
1

Letk = [l)” +1.
, &

l—0 <g forallm>k.
nP

Then & is a-natur&l number and

" This proves thatlim—l— =0. i.e.,'{%} ,p>0 is a null sequence. |
n

n—o pn

Ex 12;: Show that limr»" =0 lf,r|<l

n—wo

Page 10 of 30

Scanned with CamScanner



?3\ Casel: r=0. In this case the sequence 15{000 ............... }

' The sequence converges to0.
Thatis, lim»" =0 whenr=0.

n—w

Case2: r#0 and‘|r|<1.
ﬁ>1, since |r| <1. Let i=a+1 wherea > 0.

i
r| = 'l" 1

(a+1)".

We have (1+a)">na forallneN.

i

rh40]=

Lete > 0. Then lr" - OI <& holds ifn > Y
» ag

1
Letk = [aaj’ﬂ Then % isa natural number and lr —Ol<g foralln>k.

Since ¢ is arbitrary, limr" =(.

n—0

Combining the cases, limr" =0 lf|r]<]

n—o

Ex 13: Let {u"} be a bounded sequence and limvy, = =0. Prove that lim uv, = 0

f1=—»0 n—cw

Utilize this to prove that lim (1) 1”—0. S cu’ 2001 06
. s =y + [P R ) )

' @\ Since {un} is a bounded sequence, there ex15ts a posmve real number B such that

]u ]<B for all neN

Let us chooseg > 0.
Since limv, =0, there ex1sts a natural number £ such that lv,, :=O| <§- foralln >k

n—w

Ol:

"[<——B:£. foralln>k
B

' Now,

This implies thatlimu,v, = 0

. n—oo 4

2™ Part: Let unz(—l) and v, = o forallneN.
n _ ‘

Then |u,|=1<2 forallneN

This implies that {u”} is a bounded sequence

Now-—1—<v <l forall n>1 'andlim—1—=0,liml-=0.
’ 2(n2+1) "n "—*°°2(n2+l) Uil
'Therefore by Sandwich theorem we have, ’lgno v, =0
()'n_,
Hence by above result, 'l’-_r)nuv =0,i.e., '1’1_1110 T =0.

Theorem: If {u,} be null sequence then {|u,[} is a null sequence and conversely

Page 11 of 30 '
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?3\ Proof: Lets > 0. Since ’I11_|'1;1°u =0, there exists a natural number & such that |u OI <¢ for
alln>k

As“u,,l -—0\ = |u"| , it follows that
This proves that limlunl =0

0|<8 fbralank

Conversely, let lim \unl =0

Lete > 0. There exists a natural number k such that “u,,| - 0‘ <¢ foralln>k.
That s, [u,| <& foralln>k.

This proves thatlimu, =0.

n—w

Divergent sequence: A real sequence {un}. is said to diverge to oo if corresponding to a pre-

assigned positive number G, however large, there exists a natural number & such that u,>G
for all n>k. '

ln this case we write limu, = .

n—«

A real sequence {un} is said to diverge to—oo if corresponding to a pre-assigned positive

number G , however large there exists a natural number k such that u, <—G for all n>k.
* In this case we write limu, = —co. '

T o0

A real sequence {“n} is said to be a properly dlvergent sequence |f it either diverges to <o,
or diverges to —o. '

Theorem: A sequence {un} diverging' to 'oc_J is unbounded above but bounded below.

= ‘Proof: Let a sequence {u,} diverges tooo. Then for each pre-assigned positive number G
there exists a natural number k such that u, >G. | :
Therefore there does not exist a real number B such that u, <B holds for all neN. In other

~ words, {u,} is unbounded above. :

. LetG > 0. Then there exists a natural number k suchthat f(n)>G foralln> k.
Letd = mln{u,,uz,......;...,uk ,,G} Then u,2b forallneN
This proves that the sequence {u,} is bounded below. - _
‘Note: A sequence unbounded above but bounded below may not dlverge to 0.
' For example, let us consider the sequence {u,} whereu, =.n( v

%, ................... }.Tbe sequenee is unbounded above and bo'unded below,
0 being a lower bound. The sequence does not dlverge to ‘0, because for a pre-assigned
positive number ‘G there does not exist a natural number k such that u, >G holds for all

. n>k.

Theorem A sequence diverging to oo is unbounded below but bounded above.
—_—

WD HW)

Noﬁ’ﬁx sequence unbounded below but bounded above may not diverge to —co.

: The'sequence is {1 p, % 4

VU’2001
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Tl

‘s ¢ g =ty illatory sequence
Defim‘tlon: A bounded sequence that is not convergent is said to be an 08¢ ry seq
of finite oscillation, ;

s L i sequence
Al.l unbounded sequence that is not properly divergent is said. to be an oscillatory seq
of infinite oscillation. '

i i equence.
. An oscillatory sequence is therefore neither convergent nor properly divergent seq
It is called an improperly divergent sequence.
Examples:

1: The sequence {2"} diverges to oo,

2: The sequence {—;12'}' diverges to -,

3: The sequence {(—1)"} is a bounded sequence, but not convergent. It is an oscillatory sequence if
finite oscillation.

4: The sequence {(.—1)” n} is an unbounded sequence, and it is not properly divergent. It isan
oscillatory sequence of infinite oscillation. -

Behavior of the sequence {r"} for different values ofr:

Casel: r>1.Let r=1+a wherea>0.

Then " =(1+a)" >1+na forn>1

G-1
a

LetG>0.Then 1+na>G holdsifn>
G-1

a

Letk =[ ]+ 1. Then k isa natﬁral number and r" >G foralln>k

Since G is an arbitrary positive number, limr" =

n—o

Therefore in this case the sequence diverges to .

Case2: r=1.In this case the sequence is ‘{1,1,1,........_ ..... } »and the sequence_ conyé_rges to 1.‘-

Case3: ]r| <1. In this case the sequence converges to 0.

Cased: r=-1. In this case the sequence is {—1,1,—1, £ P } . The sequence is bbunded but not

convergent. The sequence is an oscillatory sequence of finite oscillation.
CaseS: r<-1.Letr=-s. Thens>1 . ‘

The sequence is {(—1)" s”} It is an unbounded sequence. It neither divergesto oo nor diverges -

to=oo. It is an oscillatory sequence of infinite oscillation.

Thedre@ Let {u,,} be a sequence of positive real numbers such-that lim Bon

n—»w
u"

(i) If 0</<1 thenlimu, =0,

n—o

(i)  (ii)if I>1 thenlimu, =oco.

n—c

S\ Proof: (i) Let us choose a positive & such that/+¢ <1.

LU : : .
Since lim - =/ there exists a natural number &

n—0 u
n

Suchthat /—g <2 </4e foralln>k.

u,

Let/+&=r.ThenO0<r<1
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Therefore Xl _, foralln> k | : 3N Bal, B2 5F7,574,451h
u ‘ .

W S NZ-g r’(fﬁ)
Henc st oy M “ i
nce we have u+ <P, R iy < for n> k4], :
k uk+l U, -
‘ —= |
Multlplymg L <r"* for n>k+1 |

Uy

u
Or, u, <—tr" forn>k+1
r

. ) ' . }7
Now lim " —0 since0 <r <1;and — is a fixed positive number, ,‘,@ 0 <M’7<W

n—w
r

Therefore !,1_1)1:10 u,=0 | ' - 29 éfrmzﬂ /4 f% h‘?"

. .(11) Let us choose a positive number & such that/— g >1.

Since lim Zns1 =1, there exists a natural number m

n—co u

u
Suchthat I-g<—1</+g foralln>m.
u .

n

Let/—g=5.Thens>1

-
Therefore L >5 foralln>m

. U u . u,
Hence we have =t > 5 —me2 5 o0 0 ,—>g for n>m+]
: ' unl

Multiplying, Lo s s for nx m+1
. u : :

m

U 5.
Or, u,>-2s" forn>m+1
_ s

Now lims”" = sinces>1;and —= isa fixed positive number.

n—w . S

Therefore limu, = "

n—o

‘Note: If hm Unat —I,Ano deﬁnite conclusion can be made about the' nature of the sequence. For

n—o u,

example, (i) if u”—:-n—H then lim—2L Hra —1 andlimu, =1; (i) if u, :l then lim 2z =
; n n—o u" n—e0 n n—w un
“andlimu, =0.-
4 )
Theorem: Let {u,} bea sequence of positive real numbers such that limu” =7 .

h—0 -

(i) If 0</<1 then limu,=0

n—)m

(u) If />1 thenllmu =00,

. N—0

P Proof: (i) Let us choose a positive ¢ such that/+¢ <1.
1

Since limu” = !, there exists a natural number % -

n—o
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Such that l—"a<u,;;<l+a foralln>k.
S ' ' |

Let/+&=r. Then O<r<l1 and u,,;<r foralln>k

So we have O<u, <r" foralln2k.
Since lim7" =0, limu, =0, by Sandwich theorem.

h—o0

(ii) Let us choose a positive number & such that/—g>1.
1 y

Slnce'I’Lnl u," =1, there exists a natural number m

1
Such that I-e<u, "<l+g foralln>m.
1
Let/—& =5 . Then s>1 and u," >5 foralln>m

So we have u,>s" foralln>m.
Smces>1 llms =o and thereforellmu =00

n—o
1

Note: If li_r)rulou,," =1, no definite conclusion can be made about the nature of the sequence

Au}.
n+l L

For example, (i) if U, =—— then limy," =1 andhmu =

n n—co.

"and limu, -l

noo 2 . ‘ 4
Ex 14: Show thatl{x—'} ,Xe€R isa null.'sequenc‘e
. ’ n' . ’

: = Let u,,:x—’ forall n>1andxeR.

n:

Hoar| _

174

n

Then fx[——)O asn—» oo

n+l

This implies that limu, =0. That is, {x_’}, xeR is a null sequence.
| n! :

n—o

Ex 15
@. Letu, = nx ‘ .
n+l o
» Thenhm U= lim (—nﬂ%x— = [im (1+—]—)x s,x]d
n—w u n—w m n—om n

|}is a null sequence.

_,Thusllmfu] 0 ie. {u,,

n—o

Therefore {u, } ie. {nx”} is a null sequence

Ex 16: Prove that the sequence {u,} where u,

I (i) if u,

: Show that the secherice{nx"}; where lxl<l is a null sequence.

n! .
=— isa null sequence.
n

1
n+l - ..
=—— then limu 4," =1

2]1 n—wo
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Uy (D)1

U, (n+1)" nl [|+ 1 ]

n

forall neN.

Thuslimh=l<l,since2<e<3

’ n—»o un e
Therefore we have, limu, =0 and this proves that {u"} is a null sequence.
: r
Ex 17; For any real numbers p and(a>0), prove that lim (ira) =
= Letu, = o
» " (1+a) @
() o o tna o Omordny G
_ =/
Then 2zt =" : Un ntl LA ’[ﬁ
T (l+a) _ | ,

1+l 1 | | ‘ ' : . (Q. :

MR e n 1 - ‘ v %
_Then lim—L =lim = A : , .
oy oo (1+a) I+a :

‘ 1
Since a > 0 therefore 0 <—— <1
. 1+a

un+l

Thus0 < lim—2tL <1 = limu, =0

n—=o 3y n—w
n

P _ '
- Ex 18: Show that limin— =0, provided|x|>1.
e x .

' 1(m=1)(m—=2)ccccrrs (m—n+1)

Ex 19: Show that lim —

n— n!
=D HW)

Ex 20: A sequence {u,} is defined by Uy =%(u,,»+, +u,) for n>1 and 0 <u, <u,. Prove that the

: : u, +2u,
sequence {u, converges to————=.
q n

= uz‘—u,‘ >0

1 ' 1= ,
Uy —u, =5(u2 +u,_)-—u2 = —’5(112 —ul)

x"=0,if |x|<1 andm, any real number.

vU’1997

| ier N
u4—u3=5(u3v+u2)—u2=—5(u3—u2)=(—5] (stit)

......................................................................
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P st {3 o]
: M[ {__JMJ.
3 |12

y n-1
Now ,l,'_lllo(u *u)_—(uz ~u) smcellm(_l) -0

n-o 2 “
Thereforehmu = l+z(u2 Fu|)s U +2u,
—o 3
Ex 21; Prove tljat‘tlle_sequel1ce {u,} defined byO<u <u, and u,,= _ Byt for n21,
converges to i t3%,
D @mw)
El‘_z.Z_':.Prove that the sequence {u,} ‘defined by 0<u <u, and u,, =41 ™24 o nxl,
= o 2u, +3u | : o N ,

conv -7 : ‘ ]

erges to : _ : | CU’2006

=™ HW.) pageso

Ex 23 0<u <u, and Uns2 = U4, for n21, converges to the limit 3w’

RN (HW.) ,mgw‘o

11 ' '
M 0 <u, <u, and y ” +u— fOI‘ n>] converges to the Ilmlt _%EL
F[Xﬂf' g@ : 'n+2 'n+l S . ‘ v : ‘ i+£
e T 3, : N

W HW)

Monotone sequence:

. A real sequence {u, } is said to be a monotone increasing sequence lfu,wI 2u,forallneN
A real sequence {u, } is said to be. a monotone decreasmg sequence if u,,, <u_ for alln € N

A real sequence {u,} 'is said to be a monotone sequence if it is either a monotone
increasing sequence or a monotone decreasing sequence. . -
Note: If u,,, >u, for all neN, the sequence {u,} is said to be stnctly monotone mcreasmg
sequence. ‘ o _

If u,, <u, for all neN,the sequence {u,} is said to be strictly monotone decreasing ‘
sequence. Gl ' S L oy i
- If for some natural number ‘m, u,,, >u, for all n>m the sequence {u,} is said to be an
‘ultimately’ monotone increasing sequen‘ce,‘ ' ' ‘ L |
If for some natural number m, u,,, <u, for all n2m the sequence {u,} is said.to be an |
‘ultimately’ monotone decreasing sequence. ) 8

Examples
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