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Real Sequence 2 |

Subsequence: Let {u,} be a real sequence and {r,} be strictly increasing sequence of natural

numbers, i.e., 7 <7 <1 <.oovverreen. <, < Then the sequence {u,"} is said to be a subsequence

~ of the sequence {u,} . The elements of the subsequence {u,"} ATCU, 5 Up s ceucrenennnns sUp seeeenniinns :

Example: Let u, - and r,=2n forallneN.

111~ ' 1
Then {u_ t={u,,u, g, ceeerereee ) S R N is a subsequence of{-—}
e} = oot }{246 } 1 "
Theorem: If a sequence {u,} converges to / then every subsequence of {un} also converges to
. ‘ VU’1997’ 00

- Proof: Let {r,} be strictly increasing sequence of natural numbers. Then {u,”} is a subsequence of the
sequence {u, } .

. Lete > 0. Sincelimu, =/, there exnstsanatural number k such that l g<u <l+¢ foralln>k

n—o

Since {r,} is a strictly mcreasmg.sequence of natural numbers, there -exists a natural number k,
such that r, >k for all n>k,.
Therefore I—e<u_<l+¢ foralln=k,

ie., |u. -—il%’s foralln>k,

Since ¢ is arbltrary,llmu =]’

Ex__l_ Provethathm(1+—21—) %x/;. : R ' % _ o e _ .VU’2001; 07
n—o n ) ! ‘ . . . :
o N 1 _ 1 20 1 no : -
@\ Letu, = 1+_— ,vn= 1+— and w, =|1+—| forallneN.
3 2n L | 2n 355

{u ) isa convergent sequence and limu, =e.

n—w

Since v, =u, forallneN, {v} 1sasubsequence of {u }and thereforellmv =e.

. Now' -w” = \/;"_ for all ne N. Therefore lim w, = lim \/_ \/_

n—o n—w

Ex 2; Prove that the sequence {(—-1)"'} is not convergent. ,' 6l gl . VU2000

@\ Letu —(—1) =U,y,, 7';1 uznf-;’...'

Then. {v} is the subsequence 1y F— } andlimv, =1 { }1s the subsequence ‘
{ 1 1 ....... eseenes }..} and llm Wnllz—l‘ Se Ve gl
! "—)w .

Smce two dlfferent subsequences converge to two different hmlts the sequence {“n} is not
convergent. ;

Theorem: If the subsequences {u,,} and {u,,} of a sequence {u,} converge to the same limit
I then the _sequence {u,} is convergent and limu =],

o s
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Notel: If two subsequences of a sequence converge to the same limit /, the sequence {u,} may \
- not be convergent. ;

For example, letu, = sin % .

Then the subsequence {u,, ,} is {sin E,sin -9—”,sin 1—75-, ............. } and this converges to_l_ .
' 4 4 4 2
.| .37z 1Nz . 197 . ' 1 |
The subsequence {ug, } is<sin ==, sin——, sin——, .v..veeeenees and this converges to —
4 4 4

But the sequence {u,} isnot convergent. - ,

Note2: If #eN and k subsequences {uk;,} (Ui} s {Uigeg f peeeeeeeenees (s} converges to the
same limit / then the sequence {u,} is convergent and hmu =1.

Theorein: Every subsequence of a monotone mcreasmg(decreasmg)Sequence of real numbers is

monotone increasing ( decreasing ).

Theorem: A monotone sequence of real numbers havmg a convergent subsequence w1th limit 7, is
convergent with limit /. '

" Theorem: A monotone sequence of real numbers having a divergent subsequence is properly
divergent. :
- Ex3: Let{u,}beasequence defined by 0 <4, <u,andu,, = %(un +1,,,). Prove that both the sub-

~ sequence {u,,} and {u,, ,} converge to the same limit. i : R T |

u +u, u,—u RO
= u3—ul=,"2 Z—,u,=—g—2—-‘—_>01.e.u,u<u3
wtu, | u—u,

1 2y =—1_2<0i.c. u3<u2

2 2

2
So, u, <u; <u,. Slmllarlyu3 <u, <u2,u3 <ug <utyug <ug <u,

U —u, = ond “z(,’“&: ) M,th'; ?

This inequality glves U <Uy <Usg<irverreeens <ug <u, <u,
This shows that the sequence {uz,,_l} is a monotone mcreasmg sequence bounded above, u, is an

upper bound i
' Also the sequence {u,,}isa monotone decreasmg sequence bounded below u, being a lower bound

Thus both the sequences {uz,, ,}and{u,, } are convergent Let hm Ny, = land 11m uz,, , =m . Now from

the given relatlon 2u2,,+2 an TUspar - EPa PETRR , S
hm 2u2 2= 11m u,, +hm u2”+l : »

:>2[ l+m:>l m

E;x 4: A sequence{ ¥ defned byu, > Oand Uy =7 for allne N

n

(i)Prove that the sub-sequences {u,, , } and {uz,,} converges to common limit

(ii)Find limu,
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1 = —u,= .
" A4y, " 1+u 1+u,
6
Thereforeu, <2=u,,, = >2;
~ 1+u,
u,>2=u,, = <2 Combining the two cases we get
1+u, ‘
U, <2DuU, <2<U U, >2 DU, <2< Uy (i)
= 67(7174;14") . 6 —u, —un (2_ un)(3 +un)
U U, == ~——""U,= = .
T+u, T+u, - T+u,
U, <2DU, <Up o3 U, S22 U, S Uy e ORI, TUS T A1 (ii)

Case 1: Letu, <2.Thenu, >2.

From (i) u, <2=>u, <2 <u,3u, > 2= uy <2 < <2:>u3 <2<ugu, >2:>u5 <2<yl

From (i), <2 =>4, <thys Uy <2 Uy UG eennerinnnnens
) S2DUy > UG U > 2 Uy S Ugleenninnnnaninnns
Thereforeu, <u, <y <..ooeenee: <y <u, <U,

This shows that the sequence {#,,,} is a monotone increasing sequence, bounded above and the -

sequence {uzn} isa m_onotone decreasing sequence, 'bounded below. Hence both the subsequences are

a2 convergent
‘ BE 6 .. 6
Lethm uz,, =1, hm u2 =m. From the relation we have U, =———u,,,, =——TforallneN
: y i l’!ln—l‘ . '. uZn
. PN A 6 - S one
Takmg 11m1t asn —» o0, we havem = T—_l’l = Tom: Therefore ! = mand the sub-
sequences {uz,,_ }and {u2 } converges to a common l|m1t
Case2: u, >2 :
From (i) and (ii) we get u2 <uy <Ug <o < u5 <uy; <u.

This shows that the sequence {t4;,.,} is a monotone decreasmg sequence, bounded above and the

sequence {uz,,} isa monotone increasing sequence, bounded below. Hence both the subsequences are
convergent

Let hm N1y, —l hm u2 =m. From the relatlon we have u, = -5;;6—,u2"+1 = Lfor all n C;N

2n-1. uz,,

Taking limit asn — o, we have m= % l= 1—6—— Thereforel =m and the sub- -
+m

sequences {uz,,_,} and {u,,} converges to.a common limit,

(ii) Let the limit be l . We haveu,,, =

" for all ne N Taklng hmlt asn—» » We havel = L . This

givesl=20ﬂ2—3. . ' 3
Since{u,} is a sequence of +ve real numbers therefore! # —3 . Therefore = 2

Ex5: A sequence {x,,} is defined as follows X, SX, SXg <. Sx < x; < x,and { ¥,} be defined

bY ¥, = X, =%, Such that y, => 0asn —>co. Show that {x, } is convergent.

CU*2005
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™ Clearly {x,,} is a monotone increasing sequence bounded above ( x, is an upper bound). Also the
sequence {x,,_, } is a monotone decreasing sequence bounded below (x, is a lower bound). Thus the two

subsequences{x,, } and {x,,_, } are convergent

Again since y, - 0asn => o0 = limx,, = hm N Xy,

N—o0

Thus the two subsequences{x,,,} and {x,,_, } are convergent to the same limit

= {x,} is convergent

Ex6: {x,}and{y,} are bounded sequences and a sequence{z, } is defined

byz =x,z,=y,,2,=x,,z, = y,,z, = x3,26 Pygortaaies . Prove that the sequence{z, } is convergent iff both

the sequences{x, } and{y, } are convergent with the same limit.

T Clearly{z,,,} = {x,} and {z,,) = {5,
Let{z,} is convergent. Then both the sub-sequences {z,, , } and {2,,} of the sequence{ .} are convergent
with the.same limit

= Both the sequences {x, } and{y, } are convergent with the same limit

Conversely, let both the sequences {x }and{y,} are convergent with the same limit

= Both the sub-sequences {zz,,  }and {22"} of the sequence{ } are convergent with the same hmlt
= The sequence{ .} is convergent _

~ Thus the sequence{ } is convergent iff both the sequences{ } and { y,,} are convergent with the

same limit
Theorem: Every sequence of real numbers has a monotone subsequence

& Proof: Let {u } beasequence of real numbers. An element u, is said to be a peak of the
sequence {u,,} if w, >u, for all n>k,ie. , U, is greater than or equal to all subsequent

elements bﬂyond u; A sequence may or may not have a peak or else it may have a finite or

an infinite quMber of peaks. .
We consider the following cases.

Casel: Let the sequence {u, } have infinitely many peaks. d
Let the peaks be #,,u, ,.cccccuunnn. -( u, being the first peak u, be the second peak,.............. ).
Then u, 2u, 22U, coeeeeennene . i € '
The subsequence | {u,l Uy U, ,} is a'monotone elecreasing sequence.
Case2: Let the sequence have either no peak.or a finite number of ,peaks.
" Let the peaks be arranged in ascending order of the subscripts as By Uy 5 emesis s

Then u, is not a peak and ‘there is no peak beyond the element U,

Since u, isnota peak, there i 1s ans, eN with s,>s suchthatu, >u,

u, . Lets =r, +1.

Since u, isnota peak, there is an 5; € N with s, >s, suchthatu, >u, .
Proceedmg thus we obtain natural numbers s, such that s, < Sy <8y Svmerenerrenees

andu, <, <U <eoooevrriene ‘
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- Clearly, the subsequence {u: }

This completes the proof,
Sub sequential limit: Iet {u,,} be a real sequence. A real number / is said to be a sub sequential

limit of the sequence {un} if there exists a subsequence of {u,,} that converges to /.

Theorem: A real number / is a sub sequential limit of a sequence {u,} if and only if every

-is a monotone increasing sequence of the sequence {”n} .

neighbourhood of 7 contains infinitely many elements of the sequence {u,,}-

Bolzano-Weierstrass theorem: Every bounded - sequence of real numbers has a convergent
subsequence. P YU’2002, 06, CU’2001, 03

2\ Proof: Let {u,} beabounded sequence. Then there is a closed and bounded interval, say

I=[a,b],such that u eI for every neN.

Let c=a+b

and I' =[a,c], I"=[c,b]. Then at least one of the intervals I' and I" contains
 infinitely many elements of {u,}.

Let I, [al,b] be one such interval. Then. I c I and |[,|=the length of the mterval——(b a).
a.+b,

Let ¢, = andIl =[al,cl], I =[c;,B]. Then at least of the intervals contains infinitely n1any'
l elernents of {u } Let I '=[a2,b2]‘b'be such an interual. | | A
Then I, <, and|1|——|1|

Continuing thus we obtain -a sequence of closed and bounded mtervals {I,,} such that

(i) IMCI forall neN. '

(i) |7, ]——(b a) and therefore hm|1 |—O and

(111) each I, contains mﬁmtely meny elements of { o)

By Cantor S theorem on nested intervals, there exists a unique pomt a such that aeﬂl

n=1 -

 Weprovethat @ isa sub sequentlal limit of the sequence{' }.

|I|<g

Let us choose £> O There ex1sts a natural number k such thatO

S1nce ae] and |I ]<g I, is contamed in the nelghbourhood (a £ a+g) and consequently, the
-nelghbourhood of a contains infinitely many elements of {u }

. "Since g is arbitrary, each neighbourhood of. a contains infi mtely many'elements of {u"} . Therefore -«

is a sub sequential limit of {w,}.~ =~ S

Therefore there exists a subsequence of {u,} that converges to . In other words, {u,} hasa con.t/ergent

subsequence.
Definition: Let {u,} be abounded sequence of real numbers. The greatest sub sequential limit of {u,}

is said to be the upper limit or the limit superior of {u,} and this is denoted by Iimu, or
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hmsupun The least sub sequential limit of {u,} is said to ‘be the lower limit or the l"f‘" \

‘n—

inferior of {u,} and this. is denoted by limu, or ’lfl_m infu,.
If {un} is unbounded above tﬁen we define l_i_rﬁun =00,
If {u,} isunbounded below then we define limu, = —oo.
Examples: :
L.Letu,= (-1)" (1 +%), n21. Then the sequence {u,} is bounded sequence. limu, =1, limu, =-1.

1 — .
2: Letu, =—,n2>1. Then the sequence {u,} isbounded sequence. limu, = limu, =0.

Letu, ( 1)" n*,n>1. Then the sequence {u,} is unbounded above and unbounded below. limu, =0,

—00 ,

n

:|W

4: Let u, = n ",n21. Then the sequence {u,} isunbounded above and bounded below. limu, = o,

¢ limez, =0, | \

Ex7: Find the upper and lower limit of the sequence {q,,} wherea, =(-1)" (1}%)(}1 =1,2,3,....). Finda
sub-sequence of this sequence that converges to the lower limit. ' , CU’2000
e\ HW) '

‘Ex8: Find the upper and lower limit of the séquéncg {a,} wherea, = (1 _—Lz

7
)smT . Find. a sub-sequence
.n :

of this sequence that converges to the lower limit.

R @|mw)
_-Properties of Upper.limit ahd Lower limit:
Let {u,} beabounded sequence and s’ =limu,, u. = limu,.

VU’2004, CU1999, 01,07

The upper limit #" satisfies the fol]owmg condmons
For each posmve £,

() u,>u"—& For mﬁmtely many values of n, and _
(ii) There exists a natural number k such that u, < u' +g for all n>k.
The lower limit -, satlsﬁes the followmg conditions:

For each positive £,
() u, <u.+& For mflmtely many values of», and

* (ii) There ex1sts a natural number k such that U, > U, —E for alln> k

Theorem: Let{«,} is a sequence of real numbers. Then lims, < limu, | CU’2002

TN Letlimy, = u, limu, = u’ | | i

If possible let the statement be not true i.e.#, >u". Thenu, —u" > 0

Choose ¢ =-%—(u. —u') =>u +E=U—¢
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