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By the definition ofu, there exists only finite number of terms of {u,}less thanu, —&
Again by the definition of " there are infinite number of terms of {u,} <u’ +&(= u-,'l'g)

The two statements are clearly contradicting each other. Therefore, > u” does not hold
thereforeu, <u' = limu, < limu,

Theorem: A bounded sequence {u,} is convergent if and only if limu, = limu,
vU’2004, CU’2005, 07

TS\ Proof: Let {u,} be a convergent sequence and hm u,=1.

- Since .{un} is convergent, every subsequence of { ,,} convergesto/. Therefore ! is the greatest as

well as the least subsequential limit. That is, li_mu,, = limw,.
Conversely, let {un} be a bounded sequence such that ﬁrnu” =limy,. -
Let limu, = limu, =1. |

Let us choose& > 0.
Since hmu =1, there exists a natural number k, - such that

u <l+e forall nzk. ,
Since limu,, =], there exists a natura] number k such that

Cu,>l-¢ forall n2k,.

Letk max{k1 k} N
Then l e<u, <l+¢ for all n>k1e |u —1|<g foralln>k

This proves that llm u,=1.

In other words the sequence {u,,} is convergent

Theorem: Let {1} and {v,} be bounded sequences. Then

(i) limu, + limv, > lim(u, +v,) riggesin ; VU?2002

(ii) limu, + limv, < lim(u, +v,). o CU’1998

= Proof: (i) Since {un'} and {v,,} ére_ both bounded sequences, the sequence {u, +v,} isa
bounded sequence. : : ‘ “ e

Letlimu, =/, limv, =1,, lim(u, +v) p.

Let us choose& > 0. _
Since limu, =1, , there exists a natural number £,

Such that i, </, '+-§-‘ for all n > k.
~ Since limv, =1,, there exists a natural nurnhers k,.
‘Suchthat v, d; +& foralln> k,.
2
Letk = max{k, b}

£
Then "n<lr+§ and v”<12+§ foralln=k
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¢ foralln2k

So u,+v, <l +hL+ |
b sequential limit of {u, +v,}

It follows that no Su
arbitrary, every sub seq

Hence p <4 +1
(ii) Similar proof.

Note (VU’2002): Strict inequality may occur. For example;

can be greater than [ +1,+£.8ince £(>0) i

uential limit< 4 +5.

. Nw nwro
if u"=sm-——,neN;v,,=cos——,neN
2 2

then
lim (u, +v L) =1, limy, =-1, limy, =-1.

hm(u +v,)=1, llmu =1, llmv =1.

'So in this case limu, + limv, < lim (2, +v v,) andlimu, + limv, > lim (, +v,) -

Theorem(Cauchy’s general principle_of convergence ): A necessary and sufficient condition for

is that for a pre-assigned positive & there exists a natural

the convergence of a sequence {u,}
u —un|<£ forall n=k and for p=1,2,3, 0cceees .

n+p

number k such that

= Proof Let {u } be convergent andlimu, =1,
Lete>0 ' '

y - £
Then there exists a natur'al'number k such that < 5 foralln=k.

Therefore |u —l|<£ forall n>k and p'=1,2,3,....'.- .......

n+p

ll+[u -—ll

Now

Uppp — un

+§=8 forall n>k. and p= 123 ........... A

“This proves that the condition is necessary.
~gWe now prove that the sequence {u,}
the sequence {u’"} is bounded.

Letg =1. Then the

is convergent under the stated condition. First we prove that

—un‘i'<l forall n>k and

uk|<l for p-—123 ..... -

Therefore |u,,
Oor, u, —1<u,, <t +1 for p=1,2,3,cccceen.
Let B=max{t,ty3meee Ly, 1 andb‘=mm'{ul,u2, ............ T |
Then b<u,<B forallneN : :
- This proves that {‘u } isa bounded sequence.
By Bolzano-Welerstrass theorem, the sequence {u,,} has a convergent subsequence Let I be a hrﬁlt of

 that subsequence Then [ isasub sequentlal limit of {u,} .

Let £ > 0. Then by the given condition, there exists a natural nuniber m such that , 3PN i 2 & | for - .
|<— fora

n=m and p=1273,.......
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/ Takingm =n, it follows that |u, . —u

Since / is a sub sequential limit of {u,},each g-neighbourhood of / contains infinite number of

elements of {un} . Therefore there exists a natural number g > msuch thatluq —ll Oy
3

Asq > m, it follows from (1) that|uq - um| <<

Now lu

qtm

~l|<

U p —um|+lum —uq|+|uq -Il

g €& ¢ '
<§+§+§=s for p = 12,3, i
Therefore |un —ll <& foralln=zm+l

Since & is arbitrary, the sequence {u,} convergestol.

In other words, {u,} is a convergent sequence. This completes the proof.

x9: Use Cauchy’s general principle of convergence to prove that the sequence {——:‘_I} is
n

convergent.K‘ ' _ g _ CU’2001
E\ Letu ———1 Let p beanatural number '
' 'Then_u,”-p = n'+.p“
' o n+p+l
A n+p+1 n+1|
_ 14
‘. (n+p+1)(n+l)
A' <—'—1—<l forall p,since P .1 forall p.

n+l n n+p+l

Lete >0. Then 1 <& holds fo'rn>e1— :

n ) £
Letm = [l} .

4 Th1s proves : _
E 10: Uée Cauchy’s general principle of convergence to prove that the sequence {un} ‘where

Uy, —tt,| <& forall n2m and p=1,23 e,

at the sequence {u,} is convergent.

Ty =1v+-_-+—+......‘...+l lS not- convergent A .CU’2004

T S
me Cnl T a1l ope2 T n+p
Let us choose n=m and p=m.
1
Then [ty —tty| = ——+—— b L
m+l m+2 2'm
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- —unl<g will hold for

n+p

‘ 1
If we choose g=—2§ then no natural number & can be found such that |u

all n>k and for every natural number p.
This shows that Cauchy condition is not satisfied by the sequence and the sequence {un} is not

convergent. ,
Cauchy sequence(CU’1997, 02, 07): A sequence {u,} is said to be a Cauchy sequence if for a

pre-assigned positive & there exists a natural number £ such that]um—u '<£ for all mn2k.

Replacing m by n+p where p=1,23,...... the above condition can be equivalently
stated as |u,,,— 4, =152, 30000000 :
Theorem: A Cauchy sequence of real numbers is convergent. vU’2004

} be a Cauchy sequence First we prove that the sequence {u,} is bounde'd.’

& Proof: Let {u

- Lete=1. Then there exists a natural number & such that l o

n

Therefore |uk —-u,
Or, u, —1<u, <u, +1 foralln>k
LetBimaX{ul,ui, ........... SUy —l,uk+1}_,
| b;—-min{ul,uz,.; ........... 4 —Lu, +1}. o »
‘Then b<u <B forall ne N and this proves that the sequence { u,} is bounded. By Bolzano-
Weierstrass theorem, {u,} hasa convergent subsequence. = R o
Let / be the limit of that convergent subsequence Then l isa sub sequent1al limit of {u }

We now prove that the sequénce {u,} converges to!.

Let us choosef; >0. There exists a natural number k such that lu =1 | < 5 forall mn>k

(D

Since [ is a sub sequentlal limit of {u,}, there exists a natural number (j>k such that =
luq —lI<§' .
Sinceg > k, from (1) lz_zq—u,,l<—2§ foralln>k.
- Now lun'—ll‘.<_|u,,'—uq|-t-|uq —ll
| —g:—+-§=£ forall nxk.

' That s, |u, 1| <€ foralln>k

‘This 1mphes llmu =[.In other words the sequence {un} is convergent. :

Ex 11: Show that every Cauchy sequence is bounded cU 0 06
.‘Hints: Let{u,} is a Cauchy sequence. 'I‘hen{ .} is convergent

Then prove the theorem that every convergent sequence is bounded
Theorem: A convergent sequence is a Cauchy sequence.
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@\ Proof: :
= Let {"n} bea convergent sequence and let limu, =/.

n=»o

Let us choose ¢ ¢ : ‘ '
> 0. Then there exists a natural number & such that [, —/| <§ foralln=k.

If m,n be natural numbers> k, then lu,, | u “[|<£‘
m " 2

Now i, ~n s, -1

&
+u, =] <5+§ forallmn=k

That is, |u,, —u,|<e forallmnxk.

This proves that the sequence {u,} is a Cauchy sequence.

.
er that the sequence {—1—} is a Cauchy sequence.
n

Letu, =—. Let us choose a positive & . By Archimedean property there exists a positive number
n , : ,

k8>2

<_1_+1< +—:g 1fm,n>k
m n 2

Then |4, =u,|= ‘———

This proves that the sequence u,,} is a Cauchy sequence

» Ex 13: Prove that the sequence { 1} is a Cauchy sequence CU’1997
n+ ,
= (H.W.) _‘ |
Ex 14: Prove that the sequence {u,,} whereu, = n—-l-l,n e Nis a Cauchy sequence.
- - » : . n . . ) - .
CU’2008

P AA) L = | .
- Ex 1% Prove that{Z”}is not a Cauchy sequence. - vU’2002, CU’2007

@\ Letu, =2"forneN -

~ Thenlu,,, —u,[=|2"" - 2°|= —l| > 2" >2
' Lete = 1 Then for thlS chosene there does not exnsts a natural number k such thatl —=u I < g for
alln2k ‘

{2"} isnot a Cauchy sequence

. Ex 16,D€rove that the sequen,ce‘ {( l)"} is not a Cauchy sequence.

) = .Letu,, ——é‘(—‘l)".
Then lum —u,,|=’('-1)m—(—

=0 if m and » are both even or both odd,

=2 ifone of m,n is odd and the other is even.
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- Hence |, —u,

' E‘ lun+2 —anﬂ S

Let us choose& =1. Then it is not possible to find a natural number & Suéh that l”m

all myn>k.

Hence {u,} isnota Cauchy sequence.

Mscuss the convergence of {n_—l}
2n

ey|l=—P L
frer u"I‘ 2n(n+p)<2n

—u,,|<e for

vU’2009

Ex 18: Prove that the sequence {u {u,} whereu, =0,u, =landu,,, = —;—(u,ﬁl +u, )forallnz1 is a Cauchy

sequence.
By, = = |
Uppg —Upy = E(uml +un)_un+1 = _E(uml —uﬂ)
1, 1 1 1
Or,|u,,, —u,,, s U, —U, =53 iu"—un_ll— ......... =5 U, - u,l'=§
Letm >n. Then '
’ |um—un < . ,|+|u”; -u,, 2|+ ....... +lu,,, —u,

Lete > 0. Then _fhere exists.a natural number k'euch ‘thatzi"‘ < e-for alln>k

nxk

= This proves that the sequence{ } is a Cauchy sequence
¢ Prove that the sequence {u } satisfying the condition |u

where 0 < ¢ <1is a Cauchy sequence.

Upia — un+1| <c @ U —

S 2" [u2 —u,l

. ' 2
clum-l _unl <c Iun U,

Letm > n. Then

Up- 1I+|u um_2|+ ....... +|un+1._u"' '
.Sluz—ull{c"' 240" 4 +c"fl}' L '
| ¥ -1—-c"'. o
E,uz_ullcnl ¢ <-1m—c|u2 u]’

, ; . 1=¢
number k such that "< I u— ¢ for. all n>k
U, -4y,

Hencelu, —u,|<forallmnzk |
— This proves that the sequence {u, } is a Cauchy sequence.
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n

M 2andu,,, =2+— forn 1. Prove that the sequence {u, } converge to the limit~/2 +1

= Hints: Clearly {«,} is a sequence of +ve real numbers andu, >2for alln>1.
1

u u

n+l

Now{u

RU

n+2 ?un+l = 'u

n+l

un+lu 4 'u"l

Proceeding similar as the previous problem show that{u, } is a Cauchy sequence
= {u, } is convergent

—2+lim-1—

n—»e
un

Letlimu, =/. From the grven relation 11m u

neo . n+l

:>l=2+%This gives! =1%+/2
Since {u, } is a sequence of +ve real numbers/ #1- V2= 1=1+2

Ex21: Letul >0andu,, =

_& HW)

Ex22: 22 Let{ } is a Cauchy sequence in ]R havmg a sub- sequence convergmg toa real numberl prove .
thatllmu -l | '

5 forn > 1. Prove that the sequence {u, } converges to the limit V21
+u ‘ A

n

n—wo

I . & Smce {u } isa Cauchy sequence mR it is convergent -
:~>Every sub-sequence of {u { } converge to the limit of this sequence

“Since a suh-sequence of{u { } converge tol = 11m u, =1

E_x_lii; Let{x, }he a Cauchy sequence 1n‘IR and{ .}isa sequence in ]R such thatlx - | <L for all n>1.
n

Prove that { J’n} is a Cauchy sequence andlimx, = = lim Y,

. noo U poeo

& Since {x, } be a Cauchy sequence inR = {x,} is convergent.
Léte > 0then by Archimedean property there exists a'natural number k such

B thatke>1:>/1c<a:> I <8foralln>k
n

Thus for every +ve ¢ there exists a natural number k such that| x -y, ) OI < g for all n> k

':>11m(x -y,)= 0= limx, —hmyn
= { y,,} is convergent inR
= {,} is'a Cauchy sequence

Theorem (Cauchv s theorem on llmlts) If limu, =/ thenlimZ iy it

n—w n—>w e .

VU’1998, 04, 06, 07, CU’1999, 01
& Proof: Casel: /=0.
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Since {un} is a convergent sequence, it is bounded. Therefore there exists a positive number B such that

<B forallneN.

uﬂ

oo £
Lete > 0. Sincelimu, =0, there exists a natural number % such that u,| < ) for all n 2 k,

n—o
Now |+t + et |ttt +uk,—ll+luk SR +u,
" n | n l , n ‘
. ARS A E— +’u,q_,” “u,ql+ AR E +[u4,]
< +
- n n ,
B(k=1) n—k+1¢
< (% )+ L — = forall n2k.
n "n 2 A
. .1 _ 1 €
Smce}g_r)n—:O,there exists a natural number - k, such that|——0|<—— for all n2k,
°n : n 1
Bk, €
Le. —L <— foralln>k,
n_ 2 .
u +u, ... +u |
Letk =max{k,k,}. Then ll L2 :"'<g foralln>k
n _
L U Uy Foaeeree +u
‘This proves that lim ——2 2=0. "
_ T oo n i L =
Case2: [#0
Letv, =u, —I. Thenlimv, =0
- % n—on
: Nowu,+u2+;..» ........ +un._l_'vl+v2+ .......... +v,
- n n
e VYt v
By casel, lim———2— =0
n—® . n Co
' o U U .. +u '
Therefore lim ——2 =]
n—>w n

Note: The converse of the theorem is not true. Let us consider the sequence {u,} whereu = (- 1)"

Then limA ¥t _ o byt the sequence {u,} isnotconvergent.
n=»o . n . ] ] . . _
*_Corollary: If limu, =/ where u,>0 forall i and/=0, thenlim 2/uu =7

n—w )
2\ Proof: Letv, =logu,.
i u is positi i =1>0, the se Vo
Since each ‘u, is positive and limu, ‘ quence .{v"} converges to log.

By Cauchy’s theorem on limit we have,

‘limv'+vz+ .......... +v’,’=16gl..
Or, lim logu, +logu, +.......... +logu, o]

Or, limlogzfuu,........ u, =logl
n—»o
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Cesaro’s theorem: If the sequences {a,}and{b,} converges to finite limitsaand b respectively,

then lim b, +ab  +... +ab . vU’2003

n—on
" n

ab, +ab,  +... +-anb| _ a(b, +b, +...+b,,)+a,b' +a2b,,_ +..+a,b,

h n
1 ab, +ab,  +....+ab _ i a(b, +b, +....+ ) i ab, +a,b,  +..+ab,
n— n . n—o n n-»co n

............................ (i)

Since {b, }converges to b therefore {5, } is bounded i.e. there exists a +ve real number B such

b/+b, +...+b
that|p,| < Bfor all n'e Nalso by Cauchy’s lirnit theorem lim——2 L=b=

nowo ' n

a(b,+b, +..+b,)

- lim =D« i o o i (if)
(ebrahtara| Bleltleclel)
' S R B n | SR
+ ereas
Now s1nce|a |—>0asn—>oo then by Cauchy s limiit theorem hmla'f'l o + : tla, =0
h—x0 n
- From (iii) we geth b, +a2b it | S (>iv)
n—w© ) ‘: n . )
From (i), ii) and (iv) we getlim % G, + @b, toetah
: A n-» n-.
A= +—
Ex 24; Prove that lim —2_ LEN 8
n—« ‘n :
& Letu —— Thenhmu =0
I+—+....... +—
By Cauchy stheorem lim—2 LS
n—o n . .
_ 1+ 2+3 3+ ............ Un | : .
Ex 23: Prove that hm —\/_ XD =1. "~ VU’1997, CU2004
n—co n : i } Lo I .
& Letu, ~J_ Thenhmu =] ,
n—e. )
o o 14N24 3B+
,By Ca’uchy’stheorem,‘ lim V2 J_ — Un =1.

n—w n
Theorem Letu, > 0 for all ne N and lim 2zt —l (finite or infinite). Then lim \/’“ -]
n—w u" porew

1

Ex_26: Prove that limn" =1

n—w
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n—om u n—y00 n—»w

' & Letu Sl Thenu > 0 for all n e N..Then lim = :—1:>11m\/——11e hmn"—l

1

E.X_Z_L Prove that lim (n ) _1
e

n—oo n
= ]
Letuy, =— . Thenu, > 0for allneNandllm = —
’1 n—o u e
1
Nn
= lim?/u =lle llm(n.) =l
n—»co e J1— 00 n e

!
"Ex 28: Prove thatlim {(n+1)(n +‘2) ....... 2njn 4
e

n—o

& Lot _(n+l)(n+2) 2n

n"

Thenu, >0 for all ne N and lim =zL Pnit i
ey e

'"
.:>11m\/_ —le hm(n) )

n—o n—>m e
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