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Cayley— Hamiliton Theorem.

Cayley—Hamilton Theorem. A matrix satisfies its own characteristic equation. That
is, if the characteristic equation ofann x n matrix A is \* + an_ 1 A" '+ -+ aih +
an = (), then

A" fa, (A" A gl =0

Note once again that when we change a scalar equation to a matrix equation,
the unity element 1 is replaced by the identity matrix I.

Example 1 Verify the Cayley—Hamilton theorem for
1 2
N
Solution The characteristic equation for A is A2 — 44 — 5 = 0.
2 o211 2 1 2 1 0
AT—dA ol = 4 3] {4 3} _4[4 }_5[{} 1]
[9 8 [4 8] [5 0]
|16 17 16 12 0 5

_[9-4-5 8-8-0T_J0 0]_,
~[16—16—0 17-12=5|=|0 0] ="
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/ Example 2 Verify the Cayley—Hamilton theorem for \
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Solution The characteristic equation of A 1s (3 — A)(—A)(4d — i) = 0.

3 0 0] [3 0 —1] 3 0 -1
GBI -A)-A)dd-A)=|0 3 0]—-12 0 1 —12 0 1
0 0 3 0 0 4 00 4

— — L— —

40 0] [3 0 —17)

04 0[-[20 1

00 4] [0 0 4])

00 1J[-30 1710 1

—|-2 3 —1f[=2 0 —1||-=2 4

00 —1f[ 00 4] 00 o0

"0 0 11[-3 0 =31 [0 0 0

—|-2 3 —1f|-2 0 =2{=]0 0 0]=0.
00 —1f[ 00 0] |00 0
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Applications of Cayley—Hamilton theorem

Cayley—Hamilton theorem is a new method for finding the inverse of a nonsingular matrix. If
A+a AT+ 4+q A+a,=0
n—1 1 0
is the characteristic equation of a matrix A,

Then det(A) = (-1)"a,. Thus, A isinvertibleifand onlyifa, #0 .

Now assume thata, # 0. By the Cayley—Hamilton theorem, we have
A*+a_ _ A" T+---+a A +2a,0=0,

A[A™! 4+ a, _A"2 +- - +aI] = a,l
Or, A[-1/ aj (A™' +a,_ A" >+ - -+a )] =1
Thus inverse of A is,
A= (-1/a5) (A" +a,_ A% + - -Fa])
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Example 3 Using the Cayley-Hamilton theorem, find A~! for

1 -2 4
A=|0 -1 2
2 0 3

Solution The characteristic equation for A is A* — 342 — 94 + 3 = 0. Thus, by
the Cayley—Hamilton theorem,

AY—3AT —0A 131 =0.

Hence
A® —3A% —9A = 31
A(A? —3A —9I) = 31,
or,
A (%) (—A2+3A+0D) =L
Thus.

(-9 0 -1 3 6 12 9 0 0
——||-4 -1 —4|+]|0 =3 6|+|0 9 0
3\|-8 4 —17 6 0 9 00 9

1| 3 -6 0

=§—4 5 2
\a -2 4 1
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Problems

Verify the Cayley-Hamilton theorem and use it to find A~!, where possible, for:

1 2 1 2
1.A=[3 4}, 2. A=[2 4].
2 0 1 1 -1 2
3.A=|4 0 2| L. A=|0 3 2.
00 —1 2 1 2
10 0 0]
i 0 -1 0 0
SA=1y 0 1 of
0 0 0 1
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